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Degenerations of log Hodge de Rham spectral
sequences, log Kodaira vanishing theorem in
characteristic p > 0 and log weak Lefschetz
conjecture for log crystalline cohomologies
Yukiyoshi Nakkajima, Fuetaro Yobuko ∗
Abstract
In this article we prove that the log Hodge de Rham spectral sequences of certain
proper log smooth schemes of Cartier type in characteristic p > 0 degenerate at E1.
We also prove that the log Kodaira vanishings for them hold when they are projective.
We formulate the log weak Lefschetz conjecture for log crystalline cohomologies and
prove that it is true in certain cases.
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1 Introduction
Let κ be a perfect field of characteristic p > 0. Let W (resp. Wn (n ∈ Z>0)) be the
Witt ring of κ (resp. the Witt ring of κ of length n).
In [Mu] Mumford has shown that the E1-degeneration of the Hodge de Rham
spectral sequence of a proper smooth scheme over κ does not hold in general unlike
the case of characteristic 0 in [D1]. In [Ray] Raynaud has shown that the Kodaira
vanishing for a projective smooth scheme over κ does not hold in general unlike the
case of characteristic 0 in [Ko]. However, in their famous article [DI], Deligne and
Illusie have given a sufficient condition for the E1-degeneration and the Kodaira van-
ishing theorem: if a proper (resp. projective) smooth scheme X over κ has a smooth
lift overW2, then the E1-degeneration (resp. the vanishing theorem) holds in charac-
teristic p in a restricted sense. However there is no concretely calculable criterion for
the existence of a smooth lift over W2 of a given X/κ in general. Consequently one
does not know whether the E1-degeneration and the vanishing theorem for X/κ hold
a priori. On the other hand, in [AZ] Achinger and Zdanowicz have constructed pro-
jective smooth schemes over κ which do not have smooth lifts overW2 and for which
the E1-degenerations hold. In [Ek] Ekedahl has shown that the Hirokado variety in
[Hi] does not have a smooth lift over W2 when p = 3. However, in [Tak] Takayama
has proved that (a part of) Kodaira vanishing theorem holds for it.
On the other hand, Deligne has proved the hard Lefschetz theorem for the l-adic
e´tale cohomologies of X/κ in [D3] as in the case of characteristic 0. Using this result
and Berthelot’s weak Lefschetz theorem for crystalline cohomologies of X/κ for any
hypersurface sections of high degrees in [B1], Katz and Messing have proved the hard
Lefschetz theorem and the weak Lefschetz theorem for isocrystalline cohomologies of
X/κ ([KM]). However we would like to point out that there is a gap in the proof of
Berthelot’s weak Lefschetz theorem in [B1] and we fill this gap in the text.
Let X be a proper (smooth) scheme over κ of pure dimension d ≥ 1. Let q be a
nonnegative integer. Let ΦqX/κ be the Artin-Mazur functor of X/κ in degree q: Φ
q
X/κ
is the following functor:
ΦqX/κ(A) := Ker(H
q
et(X ⊗κ A,Gm) −→ Hqet(X,Gm)) ∈ (Ab).
Here A is an artinian local κ-algebra with residue field κ. If Φq−1X/κ is formally smooth,
then ΦqX/κ is pro-represented by a commutative formal group over κ ([AM]). Let
hq(X/κ) be the height of ΦqX/κ if it is pro-representable. We call h
q(X/κ) the q-th
Artin-Mazur height of X/κ.
Let X be a geometrically irreducible proper smooth scheme over κ of dimension
d ≥ 1. We say that X is a Calabi-Yau variety over κ of dimension d if Hq(X,OX) = 0
(0 < q < d) and ΩdX/κ ≃ OX .
In [Y1] the second named author of this article has recently proved the following:
Theorem 1.1 ([Y1]). Let X be a Calabi-Yau variety over κ of dimension d ≥ 1.
If hd(X/κ) < ∞, then there exists a proper smooth scheme X over W2 such that
X ⊗W2 κ = X.
Using Deligne-Illusie’s theorem and (1.1), we see that the Hodge de Rham spectral
sequence
Eij1 = H
j(X,ΩiX/κ) =⇒ Hi+jdR (X/κ)(1.1.1)
of X/κ degenerates at E1 if d ≤ p. In particular, if p 6= 2 and h3(X/κ) < ∞, then
(1.1.1) degenerates at E1 for a 3-dimensional Calabi-Yau variety X/κ. As far as we
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know, such a general result for the E1-degeneration for X/κ in the case d > 2 was not
known before his result (see the introduction of [Schr]). Using Joshi’s theorem ([J]),
we easily see that the slope spectral sequence
Eij1 = H
j(X,WΩiX/κ) =⇒ Hi+jcrys(X/W)(1.1.2)
degenerates at E1 for a 3-dimensional Calabi-Yau variety X/κ such that h
3(X/κ) <
∞. Furthermore we see that it is of Hodge-Witt type by a fundamental theorem
in [IR]: Hqcrys(X/W) =
⊕
i+j=q H
j(X,WΩiX/κ) (q ∈ N). (This is a 3-dimensional
analogue of the Hodge-Witt decomposition of a K3-surface over κ with finite second
Artin-Mazur height ([I1]).) Using Ekedahl’s remark in [IR], we see that the following
spectral sequence
Eij1 = H
j(X,WnΩiX/κ) =⇒ Hi+jcrys(X/Wn) (n ∈ N)(1.1.3)
degenerates at E2. By virtue of this result, it may be not too optimistic to expect
that (1.1.1) degenerates at E1 without the assumption d ≤ p (for any d) at least in
the case where hd(X/κ) is finite.
For an ample line bundle L on X , in [Y2] the second named author has also
obtained a vanishing theorem Hj(X,L) = 0 (j > 0) without any assumption on d
and p.
To prove (1.1), he has introduced a new invariant hF (X) of X as follows.
Let Y be a (proper smooth) scheme over κ. Let FY be the Frobenius endomor-
phism of Y . Set F := Wn(F ∗Y ) : Wn(OY ) −→ FY ∗(Wn(OY )). This is a morphism
of Wn(OY )-modules. In [Y1] he has introduced the notion of the quasi-Frobenius
splitting height hF (Y ) for any (proper smooth) scheme Y over κ. (In [loc. cit.] he
has denoted it by htS(Y ).) It is the minimum of positive integers n’s such that
there exists a morphism ρ : FY ∗(Wn(OY )) −→ OY of Wn(OY )-modules such that
ρ ◦ F : Wn(OY ) −→ OY is the natural projection. (If there does not exist such n,
then we set hF (Y ) =∞.) (Because the “quasi-Frobenius splitting height” is too long,
we call this the quasi-F -split height simply.) This is a nontrivial generalization of the
notion of the Frobenius splitting by Mehta and Ramanathan in [MR] because they
have said that, for a scheme Z of characteristic p > 0, Z is a Frobenius splitting(=F -
split) scheme if F : OZ −→ FZ∗(OZ) has a section of OZ -modules. (The scheme Z
is F -split if and only if hF (Z) = 1.) Mehta has already remarked that any proper
smooth F -split scheme over κ has a proper smooth lift over W2 ([J]) as a corollary
of Nori and Srinivas’ beautiful deformation theory with absolute Frobenius endomor-
phisms in [NoS] and [Sr]. By using their theory, the second named author has proved
that any proper smooth scheme over κ has a proper smooth lift overW2 if hF (Y ) <∞
([Y1]). Furthermore he has proved a fundamental equality hF (X) = h
d(X/κ) by using
Serre’s exact sequence in [Se], the calculation of the dimensions of the cohomologies
of sheaves of closed differential forms of degree 1 due to Katsura and Van der Geer
([vGK]) and Serre’s duality ([Y1]). As a result, he has obtained (1.1).
This article is a continuation of [Y1] in an expanded form. The results in this
article are the log versions of [Y1], a part of [Y2], [NoS], [Sr], [B1] and more.
The philosophy of log geometry of Fontaine-Illusie-Kato ([Kk1], [Kk2]) tells us
that one can give statements and prove them for certain non-smooth schemes by
similar methods for smooth schemes if one can endow them with fine or fs(=fine
and saturated) log structures and if one makes multiplicative calculations of local
sections of log structures in addition to multiplicative and additive calculations of
local sections of structure sheaves of schemes with the use of various cohomologies of
various sheaves. Supported by this philosophy, we give the log versions of results in
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the articles in the previous paragraph. Though the proofs of a lot of results in this
article are not psychologically extremely seriously difficult (after giving nontrivial
formulations), the results themselves are nontrivial generalizations of the results in
the articles above. (Of course there are often technically hard points in the proofs.)
This is the typical merit of the log geometry of Fontaine-Illusie-Kato: it gives us
appropriate languages.
Next let us recall Kawamata-Namikawa’s result briefly. This gives a not a little
influence to this article.
Let κ be a field of any characteristic. Let s be an fs log scheme whose underlying
scheme is Spec(κ) and whose log structure is associated to a morphism N ∋ 1 7−→
a ∈ κ for some a ∈ κ (see [Kk1] and [Kk2] for fundamental terminologies of log
schemes). If a = 0, then s is called the log point of κ; if a 6= 0, then s = (Spec(κ), κ∗).
For a log scheme Z, we denote by
◦
Z the underlying scheme of Z. For a relative
log scheme Z/s, we denote the log de Rham complex of Z/s by Ω•Z/s and we set
HqdR(Z/s) := H
q(Z,Ω•Z/s) (q ∈ N).
When κ = C, Kawamata and Namikawa have proved the following theorem in
[KwN]:
Theorem 1.2 ([KwN, (4.2)]). Let s be the log point of C. Let X be a proper
SNCL(=simple normal crossing log) scheme over s of pure dimension d. Assume that
d ≥ 3. Let S be a small disk with canonical log structure. Let
◦
X(0) be the disjoint
union of the irreducible components of
◦
X. Assume that the following three conditions
hold:
(a) Hd−1(X,OX) = 0,
(b) Hd−2(
◦
X(0),O ◦
X(0)
) = 0,
(c) ΩdX/s ≃ OX .
Then there exists an analytically strict semistable family X over S such that X ×S s =
Xan, where Xan is the associated log analytic space to X/s (cf. [KtN]).
Let us go back to the case where κ is a perfect field of characteristic p > 0. Let s
be an fs log scheme before (1.2). Let X be a proper log smooth log scheme over s of
Cartier type. Let IX/s be Tsuji’s ideal sheaf of the log structure MX of X defined in
[Ts1] and denoted by If , where f : X −→ s is the structural morphism. (In §6 below
we recall the definition of IX/s.) We say that X/s is of vertical type if IX/sOX = OX .
If X/s is an SNCL scheme ([Nakk2], [Nakk7]), more generally, if X/s is locally a
product of SNCL schemes, then X/s is of vertical type. One of the main results in
this article is the following theorem:
Theorem 1.3. Let X be a proper log smooth log scheme over s of Cartier type. Let
W2(s) be a log scheme whose underlying scheme is Spec(W2) and whose log structure
is associated to a morphism N ∋ 1 7−→ (a, 0) ∈ W2. Then the following hold:
(1) If hF (
◦
X) <∞, then there exists a proper log smooth log scheme X over W2(s)
such that X ×W2(s) s = X.
(2) Furthermore, assume that
◦
X is of pure dimension d and that X/s is of vertical
type and that the following three conditions hold:
(a) Hd−1(X,OX) = 0 if d ≥ 2,
(b) Hd−2(X,OX) = 0 if d ≥ 3,
(c) ΩdX/s ≃ OX ,
Then hF (
◦
X) = hd(
◦
X/κ).
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By using K. Kato’s theorem in [Kk1](=the log version of Deligne-Illusie’s theorem)
and (1.3) (1), we obtain the following:
Theorem 1.4. Let Y −→ s be a proper log smooth morphism of Cartier type of di-
mension d. Assume that hF (
◦
Y ) <∞. Then the log Hodge de Rham spectral sequence
Eij1 = H
j(Y,ΩiY/s) =⇒ Hi+jdR (Y/s)(1.4.1)
degenerates at E1 if d < p. If FY ∗(OY ) is a locally free OY -modules (of finite rank)
and if d ≤ p, then this spectral sequence degenerates at E1. Here FY : Y −→ Y is the
absolute Frobenius endomorphism of Y .
We also give another short proof of Kato’s theorem by using our log deformation
theory with absolute Frobenius endomorphisms explained soon later. This is the log
version of a generalization of Srinivas’ another short proof of Deligne-Illusie’s theorem
([Sr]).
In this introduction, we give the sketch of the proof of (1.3) as follows.
Let Y/s be a log smooth log scheme of Cartier type. By abuse of notation, denote
the absolute Frobenius endomorphism Wn(Y ) −→ Wn(Y ) also by FY . The first key
new ingredient for the proof of (1.3) is the log version of Serre’s exact sequence in [Se]
0 −→Wn(OY ) F−→ FY ∗(Wn(OY )) −→ BnΩ1Y/s −→ 0,(1.4.2)
where F = F ∗Y and the sheaf BnΩ
1
Y/s ⊂ FnY ∗(Ω1Y/s) of OY -modules will be recalled in
§3 below (B1Ω1Y/s := FY ∗(BΩ1Y/s) ≃ FY ∗(OY )/OY , where BΩ1Y/s := Im(d : OY −→
Ω1Y/s)). Though Serre has considered (1.4.2) in the trivial logarithmic case with the
assumption of the normality of
◦
Y only as an exact sequence of abelian sheaves on
◦
Y ,
we consider (1.4.2) as an exact sequence of sheaves of Wn(OY )-modules. Our point
of view plays a definitive role in this article.
The second new key ingredient for the proof of (1.3) is our log deformation theory
with absolute Frobenius endomorphisms. This is the log version of Nori and Srinivas’
deformation theory with absolute Frobenius endomorphisms in [NoS] and [Sr]. In this
theory, the sheaf B1Ω
1
Y/s plays an important role as follows (In the trivial log case,
B1Ω
1
Y/s in this article is equal to BΩ
1
Y/s in [loc. cit.].):
Theorem 1.5. Let FW2(s) : W2(s) −→ W2(s) be the Frobenius endomorphism of
W2(s). Let Lift(Y,FY )/(W2(s),FW2(s)) be the following sheaf
Lift(Y,FY )/(W2(s),FW2(s))(U) := {isomorphism classes of (U˜ , F˜ ) | U˜ is a log smooth lift
of U over W2(s) and F˜ : U˜ −→ U˜ is a lift of FU over FW2(s)}
for each log open subscheme U of Y , where FU is the absolute Frobenius endomorphism
of U . Then Lift(Y,FY )/(W2(s),FW2(s)) on
◦
Y is a torsor under HomOY (Ω1Y/s, B1Ω1Y/s).
In particular, the obstruction class of a log smooth lift of (Y, FY )/s over W2(s) is
a canonical element of Ext1Y (Ω
1
Y/s, B1Ω
1
Y/s). This obstruction class is the extension
class of the following exact sequence of OY -modules:
0 −→ B1Ω1Y/s −→ Z1Ω1Y/s C−→ Ω1Y/s −→ 0,
where Z1Ω
1
Y/s := FY ∗(Ker(d : OY −→ Ω1Y/s)) and C is the log Cartier operator :
C : Z1Ω
1
Y/s
proj.−→ Z1Ω1Y/s/B1Ω1Y/s
C−1,∼←− Ω1Y/s. Here C−1 is the log Cartier isomor-
phism defined in [Kk1].
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This is a special case of the main result in §5 below. Note that, because the log
structure of W2(s) has a chart N −→ W2, the structural morphism U˜ −→ W2(s) is
automatically integral ([Kk1]). In the case where a base log scheme is more general,
we have to consider log smooth integral lifts instead of log smooth lifts; the integrality
is an essential condition in log deformation theory: deformation theory for log smooth
schemes in [Kk1] (and [Kf1]) has a serious defect to be corrected in general.
To construct the log deformation theory with absolute Frobenius endomorphisms
itself is our aim in this article. To give the correct proof of (1.5) is very involved.
Indeed, even in the trivial logarithmic case in [NoS], we need a new additional quite
extraordinary argument. More generally, we construct the log deformation theory
with two kinds of relative Frobenius morphisms instead of absolute Frobenius en-
domorphisms in [loc. cit.] because relative Frobenius morphisms go well with (log)
inverse Cartier isomorphisms when we consider log deformation theory with Frobe-
nius morphisms over a more general fine log base scheme of characteristic p > 0.
Our log deformation theory with Frobenius morphisms also has an application for the
canonical lift of a log ordinary projective log smooth log scheme over s with trivial
log cotangent bundle over the canonical lift W(s) of s over Spec(W) ([Nakk8]). (This
is the log version of theory of a canonical lift in [NoS].)
Now we can give the sketch of the proof of (1.3). The proof of (1.3) consists of
two parts as in [Y1]. (As in [loc. cit.], hF (
◦
X) plays a definitive role in the proof of
(1.3).) First, by using (1.5) and the definition of hF (
◦
X), we prove that any proper log
smooth log scheme X/s with hF (
◦
X) < ∞ has a proper log smooth lift over W2(s).
Secondly we prove an equality hF (
◦
X) = hd(
◦
X/κ) by calculating the dimension of the
vector space Hq(X,BnΩ
1
X/s) (d − 2 ≤ q ≤ d) (by following the method of Katsura
and Van der Geer in [vGK]), by using the log versions of beautiful arguments in [Y1]
and by using Tsuji’s log Serre duality in [Ts1].
As a corollary of (1.4), we also prove the log version of Raynaud’s vanishing theo-
rem(=an analogue in characteristic p of Kodaira-Akizuki-Nakano’s vanishing theorem
in characteristic 0) as in [DI]:
Theorem 1.6 (Log Kodaira-Akizuki-Nakano-Raynaud Vanishing theorem).
Let Y −→ s be as in (1.4). Assume that Y is fs, that the structural morphism
◦
Y −→ ◦s
of schemes is projective and that
◦
Y is of pure dimension d. Let L be an ample
invertible sheaf on
◦
Y . Then Hj(Y, IY/sΩiY/s ⊗OX L) = 0 for i+ j > max{d, 2d− p}.
In the most important case i = d in (1.6), we prove a stronger theorem than this
theorem:
Theorem 1.7 (Log Kodaira Vanishing theorem I). Let Y/s and L be as in
(1.6). Then Hj(Y, IY/sΩdY/s ⊗OY L) = 0 for j > 0.
This theorem is the log version of a nontrivial generalization of Mehta and Ra-
manathan’s vanishing theorem in [MR]. This is important because we can obtain
the new class of log schemes such that Kodaira vanishing theorem holds in charac-
teristic p > 0. We hope that this theorem will be useful for the base point freeness
in characteristic p > 0 if Y is of vertical type as in the characteristic 0 case in [Ka2].
The theorem (1.7) has an interesting application for congruences of the cardinalities
of rational points of log Fano varieties with finite quasi-F -split heights over the log
point of a finite field ([Nakk5]). This is a generalization of Esnault’s theorem in [Es]
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(under the (mild) assumption “the finiteness of the quasi-F -split height”). We hope
that (1.7) will have more applications.
As a corollary of (1.7), we obtain the following:
Corollary 1.8 (Log Kodaira Vanishing theorem II). Let the notations and the
assumptions be as in (1.6). Then Hj(Y,L−1) = 0 for j < d.
As a corollary of the vanishing theorem (1.6), we prove an analogous vanishing
theorem in characteristic 0.
Lastly in this introduction, we formulate the log weak Lefschetz conjecture for log
crystalline cohomologies and we give an affirmative result for this conjecture.
Let Y be a projective SNCL scheme over the log point s. Let E be a horizontal
smooth divisor on Y which will be defined in the text; roughly speaking, E is locally
defined by a local coordinate which has “no relation with a nontrivial local section of
MY /O∗Y ”. Let q be a nonnegative integer. For a proper log smooth scheme Y/s, let
Hqcrys(Y/W(s)) be the log crystalline cohomology of Y/W(s) ([Kk1]). By the works in
[Mo] and [Nakk3] (cf. [Nakk7]), Hqcrys(Y/W(s)) and Hqcrys(E/W(s)) have the weight
filtrations P ’s. Set K0 := Frac(W). For a module M overW , set MK0 :=M ⊗W K0.
Let ι : E
⊂−→ Y be the closed immersion. By a general theorem in [Nakk7], the
pull-back of ι
ι∗crys : H
q
crys(Y/W(s))K0 −→ Hqcrys(E/W(s))K0 (q ∈ Z)(1.8.1)
is strictly compatible with P ’s. In this article we conjecture the following:
Conjecture 1.9 (Log weak Lefschetz conjecture for log isocrystalline coho-
mologies). Assume that OY (E) is ample. Then the morphism (1.8.1) is a filtered
isomorphism with respect to P ’s if q ≤ d− 2 and strictly injective for q = d− 1.
In the text we give affirmative results for this conjecture. For example, we prove
the following:
Theorem 1.10. Assume that Y and E have log smooth lifts over W2(s). Assume
also that dim
◦
Y ≤ p. Then the following pull-back
ι∗crys : H
q
crys(Y/W(s)) −→ Hqcrys(E/W(s)) (q ∈ Z)(1.10.1)
is an isomorphism if q < d− 1 and injective for q = d− 1 with torsion free cokernel.
In particular, (1.9) is true under the assumptions above.
We prove this theorem by following but nontrivially correcting the method of
Berthelot in [B1]. In the future we would like to prove that this conjecture is true in
general. Note that because in [Nakk4] and [Nakk7] we have proved that the log hard
Lefschetz conjecture is true in the strict semistable cases in mixed characteristics and
equal characteristic p > 0, we can prove that the log weak Lefschetz conjecture is true
in these important cases as a corollary.
In [Nakk4] we have proved that the log hard Lefschetz conjecture is true in char-
acteristic 0 by using M. Saito’s result ([Sa]). (His result uses theory of mixed Hodge
structures.) As a corollary, we can prove that the log weak Lefschetz conjecture in
characteristic 0 is true. In this article we prove this theorem by an algebraic method
as Deligne and Illusie have proved the E1-degeneration of the Hodge-de Rham spec-
tral sequence of a proper smooth scheme in characteristic 0 in [DI] by an algebraic
method.
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The contents of this article are as follows.
Let Z be a proper scheme over κ. Let q be a nonnegative integer. Assume
that Hq(Z,OZ) ≃ κ, that Hq+1(Z,OZ) = 0 and that the q-th Artin-Mazur functor
ΦqZ/κ := Φ
q
Z/κ(Gm) is pro-representable. Assume also that the Bockstein operator
β : Hq−1(Z,OZ) −→ Hq(Z,Wn−1(OZ))
arising from the following exact sequence
0 −→Wn−1(OZ) V−→Wn(OZ)−→OZ −→ 0
is zero for any n ∈ Z≥2. In §2 we prove that the q-th Artin-Mazur height hq(Z/κ)
of Z/κ is equal to the minimum of positive integers n’s of the non-vanishing of the
Frobenius endomorphism F : Hq(Z,Wn(OZ)) −→ Hq(Z,Wn(OZ)) by imitating the
proof in [vGK] completely. (However we have needed a work to give this generalized
statement.) Recently it has turned out that this characterization of hq(Z/κ) also has
two applications for the congruences of the cardinalities of rational points of (log)
Calabi-Yau varieties over the log point of a finite field ([Nakk5]) and for the funda-
mental inequality between Aritn-Mazur heights and a quasi-F -split height ([Nakk6]).
In §3 we prove that there exists the exact sequence (1.4.2) in an elementary but
elegant way and calculate dimκH
q(X,BnΩ
1
X/s) (d− 2 ≤ q ≤ d) for X/s in (1.3).
In §4 and §5, following the methods in [NoS] and [Sr] but modifying and general-
izing them, we construct log deformation theory with relative Frobenius morphisms.
Our new theory is a geometric key part for the proof of (1.3). This is the most
complicated part in this article. In addition, we give an additional result for the de-
formation theory for log smooth schemes in [Kk1] (and [Kf1]), which is an important
correction of the theory in [loc. cit.], and we establish a relationship between these
two deformation theories.
In §6, for later sections, we recall Tsuji’s two results on log schemes: Tsuji’s log
Serre duality and properties of saturated morphisms.
In §7, as applications of our deformation theory, we give another short proof of
Kato’s theorem (cf. (1.4)). We also prove (1.6) by using Tsuji’s log Serre duality. As
a corollary of (1.6), we prove analogous vanishing theorem in characteristic 0. As
in [DI] we prove the log versions of the weak Lefschetz theorems for log de Rham
cohomologies in characteristics p > 0 and 0. The proof of the weak Lefschetz theorem
in the case characteristics p > 0 includes an immediate correction of an elementary
error in [DI]. Using this theorem in characteristics p > 0, we prove (1.10). We also
prove the log version of Berthelot’s weak Lefschetz theorem and we fill a gap in the
proof in [B1].
In §8 we give the notion of quasi-F -split schemes, which is the relative version of
the notion of quasi-F -split varieties in [Y1]. In this section we prove two fundamental
theorems for quasi-F -split log schemes as in [loc. cit.]: a lifting theorem and two
vanishing theorems for them. The lifting theorem and one of the vanishing theorems
are the relative and log versions of theorems in [Y1] and [Y2]. This vanishing theorem
is a generalization of one of Mehta and Ramanathan’s vanishing theorems in [MR].
We also prove another vanishing theorem(=(1.7)), which is a generalization of their
another vanishing theorem in [loc. cit.].
In §9 we give a relationship between infinitesimal semistable families overW2 and
infinitesimal semistable families over κ[t]/(t2). This is a partial answer for the log
version of Schro¨er’s question stated in the introduction of [Schr]: “A natural question
to ask is what is the relation between obstructions for deformations over Artin κ-
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algebras and deformations over Artin W-algebras? Unfortunately, there are very few
examples that could shed some light on the situation.”
In §10 we prove (1.3) by following the method in [Y1] and by using results in
§3∼§8.
In §11 we give a short proof of the weak Lefschetz theorem for crystalline coho-
mologies of proper smooth schemes over κ due to Berthelot-Katz-Messing ([KM]) by
using theory of rigid cohomologies of Berthelot ([B2], [B3], [B4]).
Notations. (1) For a commutative ring A with unit element and two A-modules M
(M has two distinct A-module structures) and for f ∈ HomA(M,M), fM (resp.M/f)
denotes Ker(f : M −→ M) (resp. Coker(f : M −→ M)). We use the same notation
for an endomorphism of two A-modules on a topological space, where A is a sheaf of
commutative rings with unit elements on the topological space.
(2) For a log scheme Z in the sense of Fontaine-Illusie-Kato ([Kk1], [Kk2]), we
denote by
◦
Z (resp. MZ := (MZ , αZ)) the underlying scheme (resp. the log structure)
of Z. In this article we consider the log structure on the Zariski site on
◦
Z.
(3) For a morphism f : Z −→ T of log schemes, we denote by
◦
f :
◦
Z −→
◦
T the
underlying morphism of schemes of f .
(4) For a morphism Z −→ T of log schemes, we denote by Ω•Z/T the log de Rham
complex of Z/T which was denoted by ω•Z/T in [Kk1].
(5) For a morphism Z −→ s of fine log smooth schemes, we denote by W⋆Ω•Z/s
(⋆ is a positive integer or nothing) the log de Rham-Witt complex of Z/s which was
denoted by W⋆ω•Z in [HK].
Convention. We omit the second “log” in the terminology a “log smooth (integral)
log scheme”.
2 The heights of Artin-Mazur formal groups of cer-
tain schemes
Let κ be a perfect field of characteristic p > 0. Let W (resp. Wn) be the Witt ring of
κ (resp. the Witt ring of κ of length n > 0). Let Y be a proper scheme over κ. Let
q be a nonnegative integer. Assume that Hq(Y,OY ) ≃ κ, Hq+1(Y,OY ) = 0 and that
the Bockstein operator
β : Hq−1(Y,OY ) −→ Hq(Y,Wn−1(OY ))
arising from the following exact sequence
0 −→Wn−1(OY ) V−→Wn(OY )−→OY −→ 0
is zero for any n ∈ Z≥2. In this section we characterize the height of the q-th Artin-
Mazur formal group of Y/κ (if it is pro-representable) by using the operator
F : Hq(Y,Wn(OY )) −→ Hq(Y,Wn(OY )) (n ∈ Z≥1).
This is a generalization of a result of Katsura and Van der Geer ([vGK]). Though they
have proved this characterization for a Calabi-Yau variety over κ, it is not necessary to
assume this strong condition nor to assume even that Y is smooth over κ. Though the
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proof of our generalization is essentially the same as that of their result, we reprove
our generalization because we would like to clarify how the assumptions above are
necessary for the characterization.
The following is easy to prove.
Proposition 2.1. Let g : Z −→ S0 be a proper morphism of schemes of characteristic
p > 0. Let Wn(OZ) (n ∈ Z≥1) be the sheaf of Witt rings of OZ of length n. Let
V : Wn(OZ) −→Wn+1(OZ) be the Verschiebung and let F : Wn(OZ) −→Wn(OZ) be
the Frobenius operator. Let R : Wn(OZ) −→Wn−1(OZ) be the projection. Let q be a
nonnegative integer. Assume that the Bockstein operator
β : Rq−1g∗(OZ) −→ Rqg∗(Wn−1(OZ))(2.1.1)
arising from the following exact sequence
0 −→Wn−1(OZ) V−→Wn(OZ) R
n−1
−→ OZ −→ 0(2.1.2)
of abelian sheaves on Z is zero for any n ∈ Z≥2. Assume that Rq+1g∗(OZ) = 0. Then
the following hold:
(1) Assume that S0 is reduced. Then the following sequence
0 −→ Rqg∗(Wn−1(OZ)) V−→ Rqg∗(Wn(OZ)) R
n−1
−→ Rqg∗(OZ) −→ 0(2.1.3)
of abelian sheaves on S0 is exact. Consequently, if the projective system {Rqg∗(Wn(OZ))}∞n=1
satisfies the Mittag-Leffler condition, then the following sequence
0 −→ Rqg∗(W(OZ)) V−→ Rqg∗(W(OZ))−→Rqg∗(OZ) −→ 0(2.1.4)
of abelian sheaves on S0 is exact.
(2) Assume that Z is reduced and that S0 is perfect. Assume also that g∗(OZ) =
O⊕cS0 for some positive integer c. Then g∗(Wn(OZ)/F ) is a subsheaf of R1g∗(Wn(OZ))
of Wn(OS0)-modules.
(3) Let the notations be as in (2). Assume that Rq−1g∗(OZ) = 0 if q ≥ 2 and that
Rq−2g∗(OZ) = 0 if q ≥ 3. If q = 2, assume also that g∗(OZ) = O⊕cS0 for some positive
integer c. Then Rq−2g∗(Wn(OZ)/F ) = 0.
(4) Let the assumptions be as in (1), (2) and (3). If Rig∗(OZ) = 0 (0 < i < q),
then Rig∗(Wn(OZ)/F ) = 0 for 0 ≤ i ≤ q − 2.
Proof. (1): Taking the long exact sequence of the exact sequence (2.1.2), we have the
following exact sequence
· · · −→ Rqg∗(Wn−1(OZ)) V−→ Rqg∗(Wn(OZ)) R
n−1
−→ Rqg∗(OZ)(2.1.5)
−→ Rq+1g∗(Wn−1(OZ)) −→ · · · .
HenceRq+1g∗(Wn(OZ)) = 0. By the assumption, the morphism V : Rqg∗(Wn−1(OZ)) −→
Rqg∗(Wn(OZ)) is injective. Hence we obtain the exact sequence (2.1.3). Taking the
projective limit of (2.1.3), we obtain the exact sequence (2.1.4).
(2): Because Z is reduced, the following sequence
0 −→Wn(OZ) F−→Wn(OZ) −→Wn(OZ)/F −→ 0
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is exact. Taking the long exact sequence of this exact sequence, we have the following
exact sequence
· · · −→ Rqg∗(Wn(OZ)) F−→ Rqg∗(Wn(OZ)) −→ Rqg∗(Wn(OZ)/F )(2.1.6)
−→ Rq+1g∗(Wn(OZ)) −→ · · · .
We claim that the following natural morphism
Wn(OS0)⊕c =Wn(O⊕cS0 ) −→Wn(g∗(OZ)) = g∗(Wn(OZ))
is an isomorphism. Indeed, assume that g∗(Wn−1(OZ)) = Wn−1(OS0)⊕c. Then, by
the following commutative diagram
0 −−−−→ Wn−1(OS0)⊕c V
⊕c
−−−−→ Wn(OS0)⊕c R
n−1
−−−−→ O⊕cS0 −−−−→ 0∥∥∥ y ∥∥∥
0 −−−−→ g∗(Wn−1(OZ)) g∗(V )−−−−→ g∗(Wn(OZ)) g∗(R
n−1)−−−−−−→ g∗(OZ) −−−−→ 0
of exact sequences, we see thatWn(OS0)⊕c = g∗(Wn(OZ)). Because F : Wn(OS0) −→
Wn(OS0) is bijective by the assumption, the morphism g∗(Wn(OZ)/F ) −→ R1g∗(Wn(OZ))
is injective.
(3): By (2.1.5) we easily see that Rq−1g∗(Wn(OZ)) = 0 (n ∈ Z≥1) if q ≥ 2. Hence
we have the following exact sequence
Rq−2g∗(Wn(OZ)) F−→ Rq−2g∗(Wn(OZ)) −→ Rq−2g∗(Wn(OZ)/F ) −→ 0.
First assume that q ≥ 3. Then Rq−2g∗(Wn(OZ)) = 0. HenceRq−2g∗(Wn(OZ)/F ) =
0.
Assume that q = 2. Then R1g∗(Wn(OZ)) = 0. Hence g∗(Wn(OZ)/F ) = 0 by (2).
If q = 1, then Rq−2g∗(Wn(OZ)/F ) obviously vanishes.
(4): Because Rig∗(OZ) = 0 (0 < i < q), Rig∗(Wn(OZ)) = 0 (0 < i < q) by (2.1.5).
Hence Rig∗(Wn(OZ)/F ) = 0 (0 < i < q − 1) by (2.1.6). By (2), g∗(Wn(OZ)/F ) =
0.
Corollary 2.2. Let the assumptions be as in (2.1) (1). Furthermore, assume that
Rqg∗(OZ) is equal to a line bundle L on S0. Then Rqg∗(W(OZ))/V = L.
Proof. Obvious.
Let Artκ be the category of artinian local κ-algebras with residue fields κ. Let
us go back to the beginning of this section. Let q be a nonnegative integer. Let
ΦqY/κ : Artκ −→ (Ab) be the following functor: for A ∈ Artκ, set
ΦqY/κ(A) := Ker(H
q
et(Y ⊗κ A,Gm) −→ Hqet(Y,Gm)) ∈ (Ab).
By [AM, II (2.11)], ΦqY/κ is pro-represented by a formal group over κ if Φ
q−1
Y/κ is formally
smooth. (Φ1Y/κ is pro-represented by a formal group over κ [Schl, (3.2)].) By [AM,
II (4.3)] the Dieudnonne´ module D(ΦqY/κ) of Φ
q
Y/κ is equal to H
q(Y,W(OY )). Let
hq(Y/κ) be the height of ΦqY/κ. If H
q+1(Y,OY ) = 0, then ΦqY/κ is formally smooth
over κ. Moreover, if Hq(Y,OY ) ≃ κ, then ΦqY/κ is a formal Lie group over κ of
dimension 1 and D(ΦqY/κ) is a free W-module of rank hq(Y/κ) if hq(Y/κ) <∞ ([Ha,
V (28.3.10)]).
The following is a generalization of Katsura and Van der Geer’s theorem ([vGK,
(5.1), (5.2), (16.4)]).
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Theorem 2.3 (cf. [vGK, (5.1), (5.2), (16.4)]). Let Y be a proper scheme over
κ. (We do not assume that Y is smooth over κ.) Let q be a nonnegative integer. As-
sume that Hq(Y,OY ) ≃ κ, that Hq+1(Y,OY ) = 0 and that ΦqY/κ is pro-representable.
Assume also that the Bockstein operator
β : Hq−1(Y,OY ) −→ Hq(Y,Wn−1(OY ))(2.3.1)
arising from the following exact sequence
0 −→Wn−1(OY ) V−→Wn(OY ) R
n−1
−→ OY −→ 0
is zero for any n ∈ Z≥2. Let nq(Y ) be the minimum of positive integers n’s such that
F : Hq(Y,Wn(OY )) −→ Hq(Y,Wn(OY ))
is not zero. (If F = 0 for all n, then set nq(Y ) :=∞.) Then hq(Y/κ) = nq(Y ).
Proof. (Though the proof is essentially the same as that of [vGK, (5.1)] as stated in the
beginning of this section, we reproduce the proof because the setting of (2.3) is consid-
erably more general than that in [loc. cit.].) Set h := hq(Y/κ), M := Hq(Y,W(OY ))
and Mn := H
q(Y,Wn(OY )). It suffices to prove that h − 1 ≥ n if and only if the
morphism F : Mn −→Mn is zero.
By (2.1.3) we see that lengthWn(Mn) = n. First we prove the implication “if”-
part. If h =∞, then the implication is obvious. Hence we may assume that h < ∞.
Since M = D(ΦqY/κ) is p-torsion free, the following sequence
0 −→M/F V−→M/p −→M/V −→ 0
of abelian groups is exact. Let σ : κ −→ κ be the p-th power map. Since V (σ(a) ·x) =
aV (x) (a ∈ κ, x ∈M/F ) and σ ∈ Aut(κ), we have the following exact sequence
0 −→ σ∗(M/F ) V−→M/p −→M/V −→ 0
of κ-vector spaces. Hence
dimκ(M/F ) = dimκ(σ∗(M/F )) = dimκ(M/p)− dimκ(M/V ) = h− 1
by (2.2). The surjective morphism Hq(Y,W(OY )) −→ Hq(Y,Wn(OY )) ((2.1.4)) in-
duces a surjective morphism M/F −→ Mn/F = Mn. Because dimκMn = n by
(2.1.3), we obtain the inequality h− 1 ≥ n.
Next we prove the converse implication. (In [vGK] κ is assumed to be algebraically
closed; it is not necessary to assume this.)
Let κ −→ κ′ be a morphism of perfect fields. Set Y ′ := Y ⊗κ κ′. In the proof of
[I1, I (1.9.2)], Illusie has proved that Wn(OY ′) = Wn(OY ) ⊗Wn Wn(κ′). Since the
morphism Wn −→ Wn(κ′) is flat, Hi(Y,Wn(OY ′)) = Hi(Y,Wn(OY )) ⊗Wn Wn(κ′).
Let κ be an algebraic closure of κ. Since the morphism Wn −→ Wn(κ) is faithfully
flat, we may assume that κ is algebraically closed. If h = ∞, then F = 0 on M =
D(ΦY/κ) = D(Ĝa). Hence F = 0 on Mn for all n. We may assume that h < ∞.
Consider the following filtration
V h−1M ⊂ · · · ⊂ VM ⊂M.(2.3.2)
Let D(κ) be the Cartier-Dieudonne´ algebra over κ. As explained in [vGK, p. 266],
M = D(ΦqY/κ) ≃ D(κ)/D(κ)(F − V h−1). (In [loc. cit.] D(κ) has been denoted by
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W [F, V ]; this is misleading.) It is easy to see that V h−1M = FM as in [loc. cit.].
Hence FMh−1 = V
h−1Mh−1. The filtration (2.3.2) is mapped surjectively to the
following filtration
FMh−1 = V
h−1Mh−1 ⊂ · · · ⊂ VMh−1 ⊂Mh−1.(2.3.3)
By (2.1.3) the inclusions in (2.3.3) are strict. Since lengthWh−1(Mh−1) = h − 1,
0 = FMh−1. Hence F = 0 on Mh−1 and F = 0 on Mn for all n ≤ h− 1.
The following is a generalization of [vGK, (5.6)]:
Corollary 2.4 (cf. [vGK, (5.6)]). Set FH
q(Y,Wn(OY )) := Ker(F : Hq(Y,Wn(OY )) −→
Hq(Y,Wn(OY ))). Then
dimκ(FH
q(Y,Wn(OY ))) = min{n, hq(Y/κ)− 1}.(2.4.1)
Consequently
dimκ(H
q(Y,Wn(OY ))/F ) = min{n, hq(Y/κ)− 1}.(2.4.2)
Proof. Let the notations be as in the proof of (2.3). As in the proof of (2.3), we may
assume that κ is algebraically closed. We may assume that h <∞. If n ≤ h− 1, then
F = 0 on Mn. Hence Ker(F : Mn −→Mn) =Mn and this is an n-dimensional vector
space over κ.
Assume that n ≥ h. Let {ω, V (ω), . . . , V h−1(ω)} be a basis ofM overW (ω ∈M).
Let ω be the image of ω in Mn. Let R : Mm −→ Mm−1 (m ≥ 2) be the induced
morphism by the projection R : Wm(OY ) −→Wm−1(OY ). Then we claim that
{V n−1Rn−1(ω), . . . , V n−(h−1)Rn−(h−1)(ω)}
is a basis of FMn. Indeed, this follows from the consideration in the case n = h and
induction on n (by using the injectivity of the morphism V : Mn −→Mn+1) and the
relation FV = V F . The claim implies (2.4.1).
The equality (2.4.2) follows from the following exact sequence
0 −→ Ker(F ) −→Mn F−→ σ∗(Mn) −→ Coker(F ) −→ 0.
(Note that, since κ is perfect, dimκ(M) = dimκ(σ∗(M)).
Corollary 2.5. The following three conditions are equivalent:
(a) hq(Y/κ) = 1.
(b) The morphism F : Hq(Y,Wn(OY )) −→ Hq(Y,Wn(OY )) is injective for a pos-
itive integer n.
(c) The morphism F : Hq(Y,Wn(OY )) −→ Hq(Y,Wn(OY )) is surjective for a
positive integer n.
Proof. Obvious.
Remark 2.6. We can generalize a part of (2.3) as follows.
Assume that Hd(Y,OY ) ≃ κm for a positive integer m instead of the assumption
Hd(Y,OY ) ≃ κ and the operator F : Hd(Y,Wn(OY )) −→ Hd(Y,Wn(OY )) is zero.
Then n ≤ m−1hq(Y/κ)− 1. The proof of this fact is the same as that of a part of the
proof of (2.3).
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3 The dimensions of cohomologies of closed differ-
ential forms
Let S0 be a fine log scheme of characteristic p > 0. Let FS0 : S0 −→ S0 be the
Frobenius endomorphism of S0. Let Y be a log smooth scheme of Cartier type over
S0. Let g : Y −→ S0 be the structural morphism. Set Y ′ := Y ×S0,FS0 S0. Let
W : Y ′ −→ Y be the projection and let F : Y −→ Y ′ be the relative Frobenius
morphism over S0. First recall the log inverse Cartier isomorphism due to Kato
([Kk1, (4.12) (1)]). It is the following isomorphism of sheaves of OY ′-modules:
C−1 : ΩiY ′/S0
∼−→ F∗(Hi(Ω•Y/S0)).(3.0.1)
Consider the case i = 0 in (3.0.1). Then C−1 : OY ′ ∼−→ F∗(H0(Ω•Y/S0)) is the following
isomorphism
OY ′ ∋ a 7−→ F ∗(a) ∈ F∗(H0(Ω•Y/S0)).(3.0.2)
In particular, the following composite morphism
OY ′ ∼−→ F∗(H0(Ω•Y/S0))
⊂−→ F∗(OY )(3.0.3)
is injective.
Remark 3.1. Assume that
◦
S0 is reduced. Then FS0 induces an injective morphism
F ∗S0 : OS0 −→ FS0∗(OS0). By [Kk1, (4.5)] the structural morphism
◦
Y −→
◦
S0 is flat.
Hence the natural morphism OY −→ W∗(OY ′) is injective. Because the composite
morphism of this morphism and W∗((3.0.3)) is the p-th power endomorphism of OY ,
◦
Y is reduced (cf. [Sh, (2.3.2)], Tsuji’s result (6.1) below).
Proposition 3.2. Set BΩ1Y/S0 := Im(d : OY −→ Ω1Y/S0). Then the following se-
quence
0 −→ OY ′ F
∗
−→ F∗(OY ) F∗(d)−→ F∗(BΩ1Y/S0) −→ 0(3.2.1)
of OY ′-modules is exact.
Proof. Except the surjecitvity of F∗(d), this is nothing but a reformulation of (3.0.2).
Since
◦
F is a homeomorphism ([SGA 5, XV Proposition 2 a)]), RqF∗(E) = 0 (q > 0)
for an abelian sheaf E on Y . Hence F∗(d) is surjective.
Let us recall well-known sheaves BnΩ
i
Y/S0
and ZnΩ
i
Y/S0
(n ≥ 1) of g−1(OS0)-
modules on
◦
Y as in [I1, 0 (2.2)] and [HK, (4.3)] defined by induction on n.
Because
◦
F is a homeomorphism, we can identify an abelian sheaf on
◦
Y with an
abelian sheaf on
◦
Y ′. Under this identification, we can express (3.0.1) as the equality
C−1 : ΩiY ′/S0 = Hi(Ω•Y/S0)(3.2.2)
of abelian sheaves. Set B0Ω
i
Y/S0
:= 0 and Z0Ω
i
Y/S0
:= ΩiY/S0 . We define BnΩ
i
Y/S0
and ZnΩ
i
Y/S0
by the following equalities (n ≥ 1) :
C−1 : Bn−1Ω
i
Y ′/S0
= BnΩ
i
Y/S0
/BΩiY/S0 , C
−1 : Zn−1Ω
i
Y ′/S0
= ZnΩ
i
Y/S0
/BΩiY/S0 .
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(Note that the log smooth morphism of Cartier type is stable under the base change
of fine log schemes of characteristic p > 0. Hence, if one has defined BnΩ
i
Y/S0
and
ZnΩ
i
Y/S0
, then BnΩ
i
Y ′/S0
and ZnΩ
i
Y ′/S0
have already been defined.) Then we have
the following inclusions:
0 ⊂ B1ΩiY/S0 ⊂ · · · ⊂BnΩiY/S0 ⊂ Bn+1ΩiY/S0 ⊂ · · ·
⊂ Zn+1ΩiY/S0 ⊂ ZnΩiY/S0 ⊂ · · · ⊂ Z1ΩiY/S0 ⊂ ΩiY/S0 .
Set Y {p} := Y ′ and Y {p
n} := (Y {p
n−1})′. We consider ZnΩ
i
Y/S0
and BnΩ
i
Y/S0
as
OY {pn} -submodules of Fn∗ (ΩiY/S0). (These notations ZnΩiY/S0 and BnΩiY/S0 are the
same as Illusie’s notations in [I1, 0 (2.2.2)] in the trivial logarithmic case.)
We recall the following result:
Lemma 3.3 ([I1, 0 (2.2.8)], [L, (1.13)]). The sheaves BnΩ
i
Y/S0
and ZnΩ
i
Y/S0
(n ∈ N, i ∈ N) are locally free sheaves of OY {pn}-modules of finite rank. They
commute with the base changes of S0.
If
◦
S0 is perfect, then
◦
Y ′
∼−→
◦
Y . Hence the equality (3.2.2) is the following one:
C−1 : ΩiY/S0 = Hi(Ω•Y/S0).(3.3.1)
Then we have the following Cartier morphisms C’s:
C : Bn+1Ω
i
Y/S0
proj.−→ Bn+1ΩiY/S0/BΩiY/S0
C−1,∼←− BnΩiY ′/S0 = BnΩiY/S0
and
C : Zn+1Ω
i
Y/S0
proj.−→ Zn+1ΩiY/S0/BΩiY/S0
C−1,∼←− ZnΩiY ′/S0 = ZnΩiY/S0 .
These morphisms are only morphisms of abelian sheaves on
◦
Y .
Until the end of this section except the remark (3.4) below, assume that
◦
S0 is
perfect. Let F : Y −→ Y be the absolute Frobenius endomorphism of Y . In [Se, §7
(18)] Serre has defined the following morphism of abelian sheaves
dn : F∗(Wn(OY )) −→ Fn∗ (Ω1◦
Y /
◦
S0
)
defined by the following formula:
dn((a0, . . . , an−1)) =
n−1∑
i=0
ap
n−1−i−1
i dai (ai ∈ OY ).(3.3.2)
(In [loc. cit.] he has denoted dn by Dn and he has considered Dn only in the case
◦
S0 = Spec(κ).) He has remarked that the following formula holds:
dn((a0, . . . , an−1)(b0, . . . , bn−1)) = b
pn−1
0 dn((a0, . . . , an−1)) + a
pn−1
0 dn((b0, . . . , bn−1)).
(3.3.3)
Here we remark that it is easy to check that dn : F∗(Wn(OY )) −→ Fn∗ (Ω1◦
Y /
◦
S0
) is a
morphism of Wn(OY )-modules by this formula. In this article we use this remark
essentially. (This remark was not given in [loc. cit.].)
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Remark 3.4. Let F : Y −→ Y ′ be the relative Frobenius morphism as in the begin-
ning of this section. Then the morphism
dn : F∗(Wn(OY )) −→ Fn∗ (Ω1◦
Y /
◦
S0
)
cannot be a morphism ofWn(OY ′)-modules in general except the case n = 1. Indeed,
let (a0, . . . , an−1) (resp. (b0, . . . , bn−1)) be a local section ofWn(OY ′) (resp. F∗(Wn(OY ))).
Then
dn((a0, . . . , an−1)(b0, . . . , bn−1)) = dn((F
∗(a0), . . . , F
∗(an−1))(b0, . . . , bn−1))(3.4.1)
= F ∗(a0)
pn−1dn((b0, . . . , bn−1)).
This formula tells us that dn is not a morphism of OS0-modules in general except the
case n = 1.
The following relation is clear:
dnV = dn−1.(3.4.2)
The following (3.5) is the log version of a generalization of Serre’s result in [Se, §7
Lemme 2]. Our proof of (3.5) is more elementary and more elegant than his proof.
Proposition 3.5. Assume that
◦
S0 is perfect. Let F : Y −→ Y be the absolute Frobe-
nius endomorphism of Y . Let n be a positive integer. Denote the following composite
morphism
F∗(Wn(OY )) dn−→ Fn∗ (Ω1◦
Y /
◦
S0
) −→ Fn∗ (Ω1Y/S0)
by dn again. Then dn factors through BnΩ
1
Y/S0
and the following sequence
0 −→Wn(OY ) F−→ F∗(Wn(OY )) dn−→ BnΩ1Y/S0 −→ 0(3.5.1;n)
is exact. Here we denote the morphism Wn(F ∗) (resp. F∗(Wn(OY )) −→ BnΩ1Y/S0)
by F (resp. dn) again by abuse of notation. Consequently dn induces the following
isomorphism of Wn(OY )-modules:
F∗(Wn(OY ))/F (Wn(OY )) ∼−→ BnΩ1Y/S0 .(3.5.2)
Proof. First consider the case n = 1. In this case, (3.5) is obtained by (3.2).
We proceed by induction on n. Assume that (3.5.1;n− 1) is exact.
By the definition of BnΩ
1
Y/S0
, the isomorphism C−1 in (3.3.1) induces the iso-
morphism C−1 : Bn−1Ω
1
Y/S0
∼−→ BnΩ1Y/S0/BΩ1Y/S0 . Let R : Wn(OY ) −→Wn−1(OY )
be the projection. By the inductive definiton of BnΩ
1
Y/S0
, it is easy to check that
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Im(dn) ⊂ BnΩ1Y/S0 . Consider the following diagram
(3.5.3)
0 0 0y y y
0 −−−−→ OY V
n−1
−−−−→ Wn(OY ) R−−−−→ Wn−1(OY ) −−−−→ 0
F
y Fy yF
0 −−−−→ F∗(OY ) F∗(V
n−1)−−−−−−→ F∗(Wn(OY )) F∗(R)−−−−→ F∗(Wn−1(OY )) −−−−→ 0
d
y dny ydn−1
0 −−−−→ B1Ω1Y/S0
⊂−−−−→ BnΩ1Y/S0
C−−−−→ Bn−1Ω1Y/S0 −−−−→ 0y y y
0 0 0.
The three rows above are exact sequences of abelian sheaves on Y . By (3.0.3) the mor-
phism F : Wn(OY ) −→ F∗(Wn(OY )) is injective. It is clear that Im(F ) ⊂ Ker(dn).
It is also clear that the upper two diagrams are commutative. The commutativity of
the left square of the lower diagram follows from (3.4.2). Since
C−1(ap
n−2−i−1
i dai) = (a
pn−2−i−1
i )
pap−1i dai = a
pn−1−i−1
i dai (i ∈ N, ai ∈ OY ),
we see that the right square of the lower diagram is commutative. Induction on n
and the snake lemma show that the middle column is exact.
Remark 3.6. In [Se] Serre has considered (3.5.1;n) in the trivial logarithmic case
with the assumption of the normality of
◦
Y only as an exact sequence of sheaves of
abelian sheaves. In this article we have to consider (3.5.1;n) as an exact sequence of
sheaves of Wn(OY )-modules.
Definition 3.7. We call the exact sequence (3.5.1;n) of Wn(OY )-modules the log
Serre exact sequence of Y/s in level n.
It is worth stating the following (this has been used in [Nakk6] in a key point):
Corollary 3.8. The following diagram
(3.8.1)
F∗(Wn(OY )) F∗(R)−−−−→ F∗(Wn−1(OY ))
dn
y ydn−1
BnΩ
1
Y/S0
C−−−−→ Bn−1Ω1Y/S0
is commutative.
Corollary 3.9. Consider the case
◦
S0 = Spec(κ) as in the beginning of the previous
section. Denote S0 by s in this case. Let the notations and the assumptions be as in
(2.3). Then the following hold:
(1) Hq(Y,Wn(OY ))/F = Hq(Y,BnΩ1Y/s). Consequently
(3.9.1) dimκH
q(Y,BnΩ
1
Y/s) = min{n, hq(
◦
Y /κ)− 1}.
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(2) Assume that Hq−1(Y,OY ) = 0 if q ≥ 2. Then FHq(Y,Wn(OY )) = Hq−1(Y,BnΩ1Y/s).
Consequently
(3.9.2) dimκH
q−1(Y,BnΩ
1
Y/s) = min{n, hq(
◦
Y /κ)− 1}.
(3) Assume that Hq−1(Y,OY ) = 0 if q ≥ 2 and that Hq−2(Y,OY ) = 0 if q ≥ 3.
Then Hq−2(Y,BnΩ
1
Y/s) = 0.
Proof. (1): Taking the long exact sequence of (3.5.1;n), we have the following exact
sequence of Wn-modules:
Hq−1(Y,Wn(OY )) F−→ Hq−1(Y, F∗(Wn(OY ))) −→ Hq−1(Y,BnΩ1Y/s) −→ Hq(Y,Wn(OY ))
(3.9.3)
F−→ Hq(Y, F∗(Wn(OY ))) −→ Hq(Y,BnΩ1Y/s) −→ 0.
Since
◦
F is finite, Hq(Y, F∗(Wn(OY ))) = σ∗Hq(Y,Wn(OY )), where σ is the Frobenius
automorphism of Wn. Hence we have the following exact sequence of Wn-modules:
Hq−1(Y,Wn(OY )) F−→ σ∗Hq−1(Y,Wn(OY )) −→ Hq−1(Y,BnΩ1Y/s) −→ Hq(Y,Wn(OY ))
(3.9.4)
F−→ σ∗Hq(Y,Wn(OY )) −→ Hq(Y,BnΩ1Y/s) −→ 0.
Hence Hq(Y,Wn(OY ))/F = Hq(Y,BnΩ1Y/s). By (2.4) the dimension of this vector
space over κ is min{n, hq(
◦
Y /κ)− 1}.
(2): If q ≥ 2, it is easy to see that Hq−1(Y,Wn(OY )) = 0. Hence we have the
following exact sequence of Wn-modules:
0 −→ Hq−1(Y,BnΩ1Y/s) −→ Hq(Y,Wn(OY )) F−→ σ∗Hq(Y,Wn(OY ))(3.9.5)
−→ Hq(Y,BnΩ1Y/s) −→ 0.
In the case q = 1, we see that (3.9.5) is also exact by the proof of (2.1) (2). This
tells us that Hq−1(Y,BnΩ
1
Y/s) = FH
q(Y,Wn(OY )). By (2.4) the dimensions of these
vector spaces over κ are min{n, hq(
◦
Y /κ)− 1}.
(3): By (3.5.2) F∗(Wn(OY ))/F (Wn(OY )) = BnΩ1Y/s. Hence
Hq
′
(Y,BnΩ
1
Y/s) = H
q′(Y, F∗(Wn(OY ))/F (Wn(OY ))) = Hq′(Y,Wn(OY )/F ) (q′ ∈ N)
since
◦
F : Wn(
◦
Y ) −→Wn(
◦
Y ) is a homeomorphism. Because
◦
Y is reduced by (3.1), (3)
is nothing but a special case of (2.1) (3).
Corollary 3.10. Let the assumptions be before (3.9) (1). Then the following hold:
(1) The following conditions are equivalent:
(a) hq(
◦
Y /κ) = 1.
(b) Hq(Y,BnΩ
1
Y/s) = 0 for a positive integer n.
(c) Hq(Y,BnΩ
1
Y/s) = 0 for any positive integer n.
If Hq−1(Y,OY ) = 0 for q ≥ 2, then these are equivalent to the following conditions:
(d) Hq−1(Y,BnΩ
1
Y/s) = 0 for a positive integer n.
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(e) Hq−1(Y,BnΩ
1
Y/s) = 0 for any positive integer n.
(2) Assume that Hi(Y,OY ) = 0 (0 < i < q). Then hq(
◦
Y /κ) = 1 if and only if
Hi(Y,BnΩ
1
Y/s) = 0 for all 0 ≤ i ≤ q and for any positive integer n.
Proof. (1): This is a restatement of (2.5).
(2): By (1) it suffices to prove the implication “only if”-part. It suffices to prove
that Hi(Y,Wn(OY )/F ) = 0 for i < q − 1. However we have already proved this in
(2.1) (4).
Remark 3.11. (1) Let s be the log point of κ. Let Y be a proper SNCL variety over
s of pure dimension d ([Nakk2], [Nakk7]). Assume that
◦
Y is geometrically connected
and that ΩdY/s ≃ OY . Because the dualizing sheaf of Y is equal to ΩdY/s[−d] by Tsuji’s
log Serre duality ([Ts1, (2.21)]: see (6.2) below), we have the following isomorphism
Hd(Y,OY ) ≃ Hd(Y,ΩdY/s) ≃ κ.(3.11.1)
(2) The following argument is essentially due to Nygaard (the proof of [Ny2, (1.3)]).
Let the assumptions and the notations be as in (1). Assume that H1(Y,OY ) =
Hd−1(Y,OY ) = 0 and that hd(
◦
Y /κ) = 1. Then Hq(Y,BΩdY/s) = 0 (q = 0, 1, d).
Indeed, consider the following exact sequence:
0 −→ BΩdY/s −→ ΩdY/s C−→ ΩdY/s −→ 0.(3.11.2)
Then we have the following exact sequence
0 −→ H0(Y,BΩdY/s) −→ H0(Y,ΩdY/s) C−→ H0(Y,ΩdY/s) −→ H1(Y,BΩdY/s) −→ 0
because H1(Y,ΩdY/s) = H
1(Y,OY ) = 0. We also have the following exact sequence
0 −→ Hd(Y,BΩdY/s) −→ Hd(Y,ΩdY/s) C−→ Hd(Y,ΩdY/s) −→ 0.
By Tsuji’s log Serre duality ([Ts1, (2.21)]), the dual map of C : H0(Y,ΩdY/s) −→
H0(Y,ΩdY/s) is the Frobenius endomorphism F : H
d(Y,OY ) −→ Hd(Y,OY ). By (2.5)
the latter morphism is an isomorphism. Hence C : H0(Y,ΩdY/s) −→ H0(Y,ΩdY/s) is
an isomorphism. Consequently Hq(Y,BΩdY/s) = 0 (q = 0, 1). Similarly we see that
C : Hd(Y,ΩdY/s) −→ Hd(Y,ΩdY/s) is an isomorphism. Hence Hd(Y,BΩdY/s) = 0.
4 Log deformation theory vs log deformation the-
ory with abrelative Frobenus morphisms
In this section we give the log version of a relative version of Nori and Srinivas’ defor-
mation theory in [NoS] and [Sr]. In [loc. cit.] they have considered the deformation
theory with the absolute Frobenius endomorphisms over the spectrum of the Witt
ring of finite length of a perfect field of characteristic p > 0. In this section we con-
sider the log deformation with non well-known relative Frobenius morphisms instead
of the absolute Frobenius endomorphisms over a more general base fine log scheme.
We also establish a relationship between this log deformation theory and our (ad-
ditional) result (4.7) below which is an important correction of K. Kato’s deformation
theory for log smooth schemes in [Kk1] (and [Kf1]).
First let us recall the following proposition due to K. Kato.
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Proposition 4.1 ([Kk1, (3.9)]). Let
(4.1.1)
T0
⊂−−−−→ T
s
y y
Z −−−−→ S
be a commutative diagram of fine log schemes such that the upper horizontal morphism
is an exact closed immersion defined by a square zero ideal sheaf I of OT . Let P (s) be
a Zariski sheaf on T such that, for a log open subscheme U of T , P (s)(U) is the set of
morphisms s˜ : U −→ Z’s making the resulting two triangles commutative in (4.1.1),
where we replace T , T0 and s by U , U0 := T0 ∩ U and s|U0 , respectively. Then P (s)
is a torsor under HomOT0 (s∗(Ω1Z/S), I) on T . That is, for a morphism g : U −→ Z
making the resulting two triangles commutative, there exists a bijection between the set
of morphisms h : U −→ Z’s making the resulting two triangles commutative in (4.1.1)
and the set H0(U,HomOT0 (s∗(Ω1Z/S), I)) = H0(Z,HomOZ (Ω1Z/S , (s|U0)∗(I|U ))).
The bijection in (4.1) is obtained by the following two maps
h 7−→ (da 7−→ h∗(a)− g∗(a) ∈ I) (a ∈ OZ)
and
h 7−→ (d logm 7−→ uh,g(m)− 1 ∈ I) (m ∈MZ),
where uh,g(m) ∈ O∗T is a unique local section such that h∗(m) = g∗(m)uh,g(m). We
denote the corresponding element to h in HomOZ (Ω
1
Z/S , (s|U0)∗(I|U )) by h∗ − g∗.
Proposition 4.2. Let the notations be as in (4.1). Then the following hold:
(1) (cf. [SGA 1, III (5.6)], [I2, (2.11)]) In
H1(T0,HomOT0 (s∗(Ω1Z/S), I)),
there exists a canonical obstruction class of the existence of a morphism T −→ Z
making the diagrams of the two resulting triangles commutative in (4.1.1). If s∗(Ω1Z/S)
is a flat OT0-module, then this group is equal to Ext1T0(s∗(Ω1Z/S), I).
(2) In
H1(Z,HomOZ (Ω1Z/S , s∗(I))),
there exists a canonical obstruction class of the existence of a morphism T −→ Z
making the diagrams of the two resulting triangles commutative in (4.1.1). If Ω1Z/S is
a flat OZ-module, then this group is equal to Ext1Z(Ω1Z/S , s∗(I)).
Proof. (1): By (4.1) this is only a special case of a general well-known result (see
[SGA 1, p. 70–71], [G]). We can also give the proof of (1) which is similar to the
proof of (2) below.
(2): Let U := {Zi}i be a log affine open covering of Z. Let s˜i : T −→ Zi be a
local lift of a restriction of s : T0 −→ Z obtained by shrinking T . It is easy to see
that {s˜∗j − s˜∗i }ij is an element of Z1(U ,HomOZ (Ω1Z/S , s∗(I))). Then we claim that
the obstruction class stated in (4.2) is the class
{s˜∗j − s˜∗i }ij ∈ lim−→
U
H1(U ,HomOZ (Ω1Z/S , s∗(I))) = H1(Z,HomOZ (Ω1Z/S , s∗(I))).
Indeed, if s˜i is the restriction of a global lift s˜ of s, then {s˜∗j − s˜∗i }ij = 0. Conversely, if
it is the coboundary, then there exists a class {ti} (ti ∈ HomOZi (Ω1Zi/S , s∗(I))) such
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that s˜∗j − s˜∗i = tj − ti. Hence s˜∗i − ti = s˜∗j − tj and s˜∗i − ti’s patch together. These
sections define a global morphism T −→ Z over S. It is clear that this morphism is
a lift of s : T0 −→ Z over S since Im(ti) ⊂ s∗(I). We have to prove that the class
{s˜∗j − s˜∗i }ij in H1(Z,HomOZ (Ω1Z/S , s∗(I))) is independent of the choice of U . Assume
that we are given another covering V := {Z ′i′}i′ and another local lift s˜′i′ : T −→ Z ′i′ .
Then, by considering the refinement U ∩ V := {Zi ∩ Zi′}ii′ of U and V ,
{s˜∗i′ − s˜∗i }ii′ ∈ Z1(U ∩ V ,HomOZ (Ω1Z/S , s∗(I)))
gives us a 1-coboundary. This implies the desired independence.
Assume that Ω1Z/S is a flat OZ-module. Then we obtain the equality
H1(Z,HomOZ (Ω1Z/S , s∗(I))) = Ext1Z(Ω1Z/S , s∗(I))
by the following spectral sequence:
Eij2 = H
j(Z, Ext iOZ (F ,G)) =⇒ Exti+jZ (F ,G) (i, j ∈ N)
for OZ-modules F and G.
Let S be a fine log scheme. Let S0
⊂−→ S be an exact closed immersion of fine log
schemes defined by a square zero ideal sheaf I of OS . Let Y be a log smooth scheme
over S0. Recall that Y˜ /S is called a log smooth lift of Y/S0 if Y˜ is a log smooth
scheme over S such that Y˜ ×S S0 = Y .
Let Y˜ /S be a log smooth lift of Y/S0. As an immediate corollary of (4.1), we
obtain the δ in (4.3) below as an element of HomOY (Ω
1
Y/S , IOY˜ ):
Corollary 4.3. Let Y˜ /S be a log smooth lift of Y/S0. Then the following hold:
(1) Let g be an automorphism of Y˜ /S such that g|Y = idY . Express g∗(a) =
a + δ(a) (a ∈ OY˜ ) with δ(a) ∈ IOY˜ . Here a is the image of a in OY . Then
δ : OY −→ IOY˜ is a derivation over OS.
(2) Express g∗(m) = m(1 + δ(m)) (m ∈ MY˜ ) with δ(m) ∈ IOY˜ . Here m is the
image of m in MY . Then δ(mm′) = δ(m) + δ(m′) (m,m
′ ∈MY˜ ).
(3) Let α : MY −→ OY be the structural morphism. Then α(m)δ(m) = δ(α(m))
(m ∈MY ).
We also recall the following result due to K. Kato:
Proposition 4.4 ([Kk1, (3.14) (2), (3)]). (1) Let Y˜ /S be a log smooth lift of
Y/S0. Let AutS(Y˜ , Y ) be the group of automorphisms g : Y˜
∼−→ Y˜ over S such that
g|Y = idY . Then the morphism
AutS(Y˜ , Y ) ∋ g 7−→ δ ∈ HomOY (Ω1Y/S0 , IOY˜ ).(4.4.1)
obtained by (4.3) gives the following isomorphism of groups:
AutS(Y˜ , Y )
∼−→ H0(Y,HomOY (Ω1Y/S0 , IOY˜ )) = HomOY (Ω1Y/S0 , IOY˜ ).(4.4.2)
(2) Let Lift′Y/(S0⊂S) be the following sheaf
Lift′Y/(S0⊂S)(U) := {isomorphism classes of log smooth lifts of U/S0 over S}
for each log open subscheme U of Y . If Y/S0 has a lift Y˜ /S, then there exists the
following (natural) bijection of sets:
Lift′Y/(S0⊂S)(Y )
∼−→ H1(Y,HomOY (Ω1Y/S0 , IOY˜ )) = Ext1Y (Ω1Y/S0 , IOY˜ ).(4.4.3)
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Let us recall the map (4.4.3).
Let Z˜/S be a log smooth lift of Y/S0. Let {U˜i}i∈I be a log affine open covering of
Z˜ such that there exists a morphism gi : U˜i −→ Y˜ making the resulting two triangles
in
Ui
⊂−−−−→ U˜iy y
Y˜ −−−−→ S
commutative. Here Ui := U˜i ∩ Y . Set U := {Ui}i∈I . Then we have a section
g∗ij := g
∗
j − g∗i ∈ HomOY (Ω1Y/S0 , IOY˜ )(Uij),
where Uij := Ui ∩ Uj. This defines an element of Hˇ1(U ,HomOY (Ω1Y/S0 , IOY˜ )).
Consequently we have an element of H1(Y,HomOY (Ω1Y/S0 , IOY˜ )).
Remark 4.5. Let the notations be as in [Kk1, (3.14) (4)]. There is a big mistake
in [loc. cit.]. The statement [Kk1, (3.14) (4)] has no sense since a lift X˜ of (X,M, f)
appears in the sufficient condition
H2(X,HomOX (ω1X/Y , IOX˜)) = 0
for an existence of a lift X˜ of (X,M, f). (If one claims that [Kk1, (3.14) (4)] has a
sense, one has to prove that the sheaf IOX˜ on Xet is independent of the choice of X˜.)
To make [Kk1, (3.14) (3)](=(4.4) (2)) better and correct [Kk1, (3.14) (4)], more
generally to define an obstruction class of a lift of Y/S0 over S, we moreover assume
that Y/S0 is integral. In the following except (4.10), we always assume this. That is,
Y is assumed to be a log smooth integral scheme over S0. We say that Y˜ /S is a log
smooth integral lift (or simply a lift) of Y/S0 if Y˜ is a log smooth integral scheme over
S such that Y˜ ×S S0 = Y .
Remark 4.6. The obvious analogues of (4.4) (1) and (2) hold for a log smooth
integral scheme Y/S0 by the proof of [Kk1, (3.14)].
The following includes an important correction of [Kk1, (3.14) (4)] and [Kf1, (8.6)].
This is a log version of [SGA 1, III (6.3)] and a generalization of [KwN, (2.2)].
Theorem 4.7. Let the notations be as above. Then the following hold:
(1) Let U be a log open subscheme of Y and let U˜ be a log smooth integral lift of
U over S. Then
HomOU (Ω1U/S0 , IOU˜ ) = HomOU (Ω1U/S0 ,OU )⊗OS0 I.(4.7.1)
(2) Assume that
◦
Y is separated. Then, in
H2(Y,HomOY (Ω1Y/S0 ,OY )⊗OS0 I),(4.7.2)
there exists a canonical obstruction class obsY/(S0⊂S) of a lift of Y/S0 over S.
Let LiftY/(S0⊂S) be the following sheaf
LiftY/(S0⊂S)(U) := {isomorphism classes of log smooth integral lifts of U/S0 over S}
22
for each log open subscheme U of Y . If the obstruction class vanishes, then there
exists the following (natural) bijection of sets:
LiftY/(S0⊂S)(Y )
∼−→ H1(Y,HomOY (Ω1Y/S0 ,OY )⊗OS0 I).
(3) Let the assumption and the notations be as in (2). If
◦
S is an affine scheme, say,
Spec(A), if we set I := Γ(
◦
S, I) and A0 := A/I and if I is a flat A0-module, then the
cohomology (4.7.2) is equal toH2(Y,HomOY (Ω1Y/S0 ,OY ))⊗A0I = Ext2Y (Ω1Y/S0 ,OY )⊗A0
I.
Proof. (1): (Because we have to give a comment in (4.9) (2) below, we have to give
the following very easy proof of (1).) Consider the following obvious exact sequence:
0 −→ I −→ OS −→ OS0 −→ 0.
Taking the tensorization OU˜⊗OS of this exact sequence and noting that
◦
U˜ −→
◦
S is
flat ([Kk1, (4.5)]), we see that IOU˜ = I ⊗OS OU˜ = I ⊗OS0 OU . Hence we obtain the
following equalities:
HomOU (Ω1U/S0 , IOU˜ ) = HomOU (Ω1U/S0 ,OU ⊗OS0 I)
= HomOU (Ω1U/S0 ,OU )⊗OS0 I
by using the locally freeness of Ω1U/S0 ([Kk1, (3.10)]).
(2): We construct the obstruction class obsY/(S0⊂S) as in [SGA 1, p. 79]. Though
the statement [SGA 1, III (6.3)] is well-known, the proof of it is not well-understood
at all. (See (4.9) (1) below.) Because we cannot find a detailed proof of (2) using
cocycles in references, e. g., [SGA 1, III (6.3)], [I2, (2.12)], [KwN, (2.2)] nor [Kf1,
(8.6)] unfortunately, we have to give the detailed proof of (4.7) as follows.
Let U := {Ui}i∈I be a log affine open covering of Y such that Ui has a log smooth
integral lift U˜i over S. Set U˜ij := U˜i|Uij (Note that we cannot use [Kk1, (3.14) (1)] for
any log affine open subscheme of Y because we cannot use [Kk1, (3.14) (4)]. However,
by the proof of [Kk1, (3.14)] and [Kk1, (4.1) (ii)], we have the Ui over S0 and the U˜i
over S.) Because
◦
Y is separated,
◦
U ij :=
◦
U i ∩
◦
U j is affine. Since U˜ji (resp. U˜ij) is log
smooth over S, there exists a morphism gij : U˜ij −→ U˜ji (resp. hij : U˜ij −→ U˜ji) over
S which is an extension of idUij : Uij
∼−→ Uji. Since gij ◦ hij ∈ EndS(U˜ij) which is
an extension of idUij , gij ◦ hij ∈ AutS(U˜ij , Uij). In particular, gij is an isomorphism.
(This convention of the index of gij is different from that in [SGA 1, III (6.3)] but the
same as that in [I2, p. 113]. For the existence of the isomorphism gij , we do not have
to use the vanishing of H1(Uij ,HomOUij (Ω1Uij/S0 ,OUij )⊗OS0 I), though it has been
used in the proof of [SGA 1, III (6.3)].) If one wants, one can assume that gij = g
−1
ji
as in [NoS] because we can endow I with a total order. (We shall use this equality
in the proof of (4.14) (4) below.) Set Uijk := Ui ∩ Uj ∩ Uk and U˜ijk := U˜i|Uijk . Set
gijk := g
−1
ik gjkgij ∈ AutS(U˜ijk, Uijk). Consider a section
gijk := g
∗
ijk − id∗U˜ijk ∈ HomOUijk (Ω
1
Uijk/S0
, IOU˜ijk ).(4.7.3)
By (4.7.1) we obtain the following equality:
HomOUijk (Ω1Uijk/S0 , IOU˜ijk ) = HomOUijk (Ω1Uijk/S0 ,OUijk )⊗OS0 I.
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Consequently
gijk ∈ Γ(Uijk,HomOY (Ω1Y/S0 ,OY )⊗OS0 I).
In fact, we can check
g := (gijk) ∈ Z2(U ,HomOY (Ω1Y/S0 ,OY )⊗OS0 I)
(cf. [SGA 1, p. 79]). Indeed, because (∂(g))ijkl = gjkl − gikl + gijl − gijk, it suffices
to prove that gjkl = gikl + gijk − gijl. The element of AutS(U˜jkl|Uijkl ) corresponding
to the right hand side of the equality above is equal to
(g−1il gklgik)(g
−1
ik gjkgij)(g
−1
ij g
−1
jl gil) = (g
−1
il gklgjk)(g
−1
jl gil)(4.7.4)
= (g−1il gjl)(g
−1
jl gklgjk)(g
−1
il gjl)
−1.
Hence
{(g−1il gklgik)(g−1ik gjkgij)(g−1ij g−1jl gil)}∗ − id∗U˜jkli(4.7.5)
= ((g−1il gjl)
−1)∗((g−1jl gklgjk)
∗ − id∗
U˜jkli
)(g−1il gjl)
∗ = (g−1jl gklgjk)
∗ − id∗
U˜jkli
.
Here, to obtain the second equality above, we have used the lemma (4.8) below. Now
we have the desired element
obsY/(S0⊂S) := the class of g
in
Hˇ2(U ,HomOY (Ω1Y/S0 ,OY )⊗OS0 I) = H2(Y,HomOY (Ω1Y/S0 ,OY )⊗OS0 I).(4.7.6)
Here we have used the assumption on the separatedness of
◦
Y to obtain the equality
above.
We claim that g is independent of the choice of gij ’s. Let g
′
ij : U˜ij
∼−→ U˜ji be an-
other isomorphism which is a lift of idUij . Then g
′
ijg
−1
ij is an element of AutS(U˜ji, Uji).
Let δij be the δ corresponding to g
′
ijg
−1
ij ∈ HomOUji (Ω1Uji/S0 ,OUji)⊗OS0 I: g′∗ij(a) =
g∗ij(a+ δij(a)) (a ∈ OU˜ji ), g′∗ij(m) = g∗ij(m(1 + δij(m))) (m ∈ MU˜ji). Since gij |Uij =
idUij and since gij is a morphism over S, g
′∗
ij(a) = g
∗
ij(a) + δij(a) and g
′∗
ij(m) =
g∗ij(m)(1+ δij(m)). Using these relations and (4.8) below and making simple calcula-
tions, we obtain an equality g′ := (g′ijk) = g+ ∂((δij)). Indeed we have the following
equations:
g′∗ijg
′∗
jkg
′∗−1
ik (a) = g
′∗
ijg
′∗
jk(g
∗−1
ik (a)− δik(a)) = · · ·(4.7.7)
= g∗ijg
∗
jk(g
∗−1
ik (a)) + δij(a) + δjk(a)− δik(a) (a ∈ OU˜ijk ).
Similarly we have the following equation:
g′∗ijg
′∗
jkg
′∗−1
ik (m) = g
∗
ijg
∗
jk(g
∗−1
ik (m))(1 + δij(m) + δjk(m)− δik(m)) (m ∈MU˜ijk).
(4.7.8)
Hence g′ = g+ ∂((δij)). This shows that our claim holds.
We have to show that g is independent of the choice of the lift U˜i of Ui over S.
Let V˜i be another lift of Ui over S. Then, as shown in the second paragraph in the
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proof of (2), there exists an isomorphism gi : U˜i
∼−→ V˜i over S such that gi|Ui = idUi .
Set g′ij := (gj|V˜ji )gij(g−1i |V˜ij ) : V˜ij
∼−→ V˜ji. Then it is easy to check that
g′ijk = gigijkg
−1
i .(4.7.9)
Let g′ijk be the analogue of gijk for g
′
ij . Because IOU˜ijk = I ⊗OS OU˜ijk = I ⊗OS0
OUijk = I ⊗OS OV˜ijk = IOV˜ijk , we have an equality gijk = g′ijk by (4.7.9) and (4.8)
below. This implies that g is independent of the choice of the lift U˜i.
Next we claim that the class g is independent of the choice of the open covering
U . Since two log affine open coverings of U has a log affine refinement, we consider
a refinement V := {Vi′} of U with a morphism τ : {i′} −→ {i} such that
◦
V i′ is affine
and such that Vi′ ⊂ Uτ(i′). Set V˜i′ := U˜τ(i′)|Vi′ over S. It suffices to prove that g in
Hˇ2(U ,HomOY (Ω1Y/S0 ,OY )⊗OS0I) is mapped to g in Hˇ2(V ,HomOY (Ω1Y/S0 ,OY )⊗OS0
I). This is clear since the isomorphism gτ(i′)τ(j′) : U˜τ(i′)τ(j′) ∼−→ U˜τ(j′)τ(i′) induces an
isomorphism gi′j′ : V˜i′j′
∼−→ V˜j′i′ .
If g is coboundary, then there exists an element hij of AutS(U˜ij , Uij) such that
{g′ij} = {gijhij} satisfies the transitivity condition g′ik = g′jkg′ij as in [SGA 1, p. 79
(2)]. Consequently we have a lift Y˜ /S of Y/S0.
The last statement in (2) follows from (1) and (4.4) (2).
(3): (3) immediately follows from (4.7.6) and the assumption of the flatness of I
(cf. [SGA 1, p. 75]).
Lemma 4.8. Let F ∈ HomOUjkli (Ω1Ujkli/S0 ,OUjkli )⊗OS0 I be the element correspond-
ing to an element g ∈ AutS(U˜jkli, Ujkli). Let h : U˜jil ∼−→ U˜ijl be an isomorphism over
S such that h|Ujilk = idUjilk Then (h−1|U˜jilk )∗F (h|U˜jilk )∗ = F .
Proof. This is obvious since h|Uijl = idUijl and h is a morphism over S.
Remark 4.9. (1) It is doubtful whether arithmetic or algebraic geometers can read
the proof of the very well-known result [SGA 1, III (6.3)] rigorously and can give the
detailed proof of it because to give the precise proof of it is tiresome and hard as
shown in the proof of (4.7) and because it needs quite unacceptable patience. (We
have never seen (4.7.4), (4.7.5), (4.7.7), (4.7.8) and (4.8) in other references.) For this
reason, there exist the mistakes pointed out in (4.5) and (2) below and no one except
us has noticed the mistakes.
The statements [KwN, (2.2) (3)] and [Kf1, (8.6) 3] seems obscure because Kawamata-
Namikawa and F. Kato have not constructed the obstruction class in their article
(they have only claimed that the construction is the same as that of [SGA 1, III
(6.3)]) and because we cannot understand whether the obstruction classes in their
article is canonical.
(2) Let the notations be as in [Kf1, p. 338]. We do not understand why there
exists an isomorphism I · OX˜′
∼−→ I ⊗A OX˜′ in [loc. cit.]. Indeed, there exist a lot of
counter-examples for this isomorphism. For example, log blow ups by Fujiwara-Kato
([FK], [Ni]) give us counter-examples: the underlying morphisms of log blow ups are
not necessarily flat. One of the simplest examples is as follows.
LetK be a field of any characteristic. Set A = K[x1, x2] and B = K[x1, x2, t]/(x2−
tx1) = K[x1, t]. Endow Spec(A) (resp. Spec(B)) with a log structure associated
to a morphism N⊕2 ∋ ei 7−→ xi ∈ A (resp. N⊕2 ∋ e1 7−→ x1, e2 7−→ t ∈ B),
where ei (i = 1, 2) is a canonical basis of N
⊕2. Let T (resp. Y ) be the resulting log
scheme. Let A −→ B be a morphism defined by x1 7−→ x1 and x2 7−→ x2. Let
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N⊕2 −→ N⊕2 be a morphism defined by the following: e1 7−→ e1, e2 7−→ e1 + e2.
Then we have a morphism Y −→ T . This morphism is log e´tale by the criterion of
K. Kato ([Kk1, (3.5)]). Let S be an exact closed subscheme of T defined by the ideal
sheaf (x21, x2). Set X˜ := Y ×T S. Then the projection X˜ −→ S is log e´tale since log
e´tale morphisms are stable under base changes. Let S0 be an exact closed subscheme
of S defined by the ideal sheaf I := (x1). Then the global sections of IOX˜ are equal
to x1(K[x1, t]/(x
2
1, tx1)) = Kx1. On the other hand, the global sections of I ⊗OS OX˜
are equal to
(x1K[x1])/(x
2
1)⊗K[x1]/(x21) K[x1, t]/(x21, tx1) = Kx1 ⊗K[x1]/(x21) (K[x1]/(x21))[t]/(tx1)
≃ K ⊗K[x1]/(x21) (K[x1]/(x21))[t]/(tx1) = (K[x1]/(x21))[t]/(tx1, x1) = K[t].
Hence IOX˜ cannot be isomorphic to I ⊗OS OX˜ . In particular, the structural mor-
phism
◦
X˜ −→
◦
S is not flat. This is a counter example of the claim after [Kf2, (4.1)]:
“underlying morphisms of log smooth liftings are flat”.
By virtue of this remark, the title “Log smooth deformation theory” of [Kf1] had
to be replaced by “Log smooth integral deformation theory”.
(3) Once one proves (4.4) (1) and (4.7) (1), (4.7) (2) is a formal consequence
obtained by a general theory as in [G, VII (1.2.2)] without using the assumption
of the separatedness in (4.7) (2). However, in this article, we shall use the explicit
description of the obstruction class in the proof of (4.7) (2) (see the proof of (4.14)
(4)).
Though the following nontrivial statement without assuming the integrality of
Y/S0 also corrects [Kk1, (3.14) (4)] in a special case, it seems to us useless in practice;
it is important to consider the log deformation theory with the assumption of the
integrality. (We are not interested in the following proposition.)
Proposition 4.10. Assume that
◦
Y is separated. Assume only that the morphism
Y −→ S0 is log smooth. Let S00 ⊂−→ S0 be an exact closed immersion defined by a
quasi-coherent ideal sheaf of OS0 . Set Y0 := Y ×S0 S00. If there exist a canonical
global section π of OS and a positive integer n and if the morphisms OY0 ∋ 1 7−→
1 ∈ OY˜ /πOY˜ and OY0 ∋ 1 7−→ πn ∈ IOY˜ are isomorphisms of OY0-modules for
any local log smooth lift Y˜ /S of Y/S, then there exists a canonical obstruction class
obsY/(S0⊂S) of a lift of Y/S0 over S in H
2(Y0,HomOY0 (Ω1Y0/S00 ,OY0)).
Proof. By the assumption we have the following equality:
HomOY (Ω1Y/S0 , IOY˜ ) = HomOY0 (Ω1Y0/S00 ,OY0).
The rest of the proof is the same as that of (4.7).
As already stated, in the following we always assume that the log smooth morphism
Y −→ S0 is integral.
For a log scheme Z, let Zred be the log exact closed subscheme of Z whose underly-
ing scheme is
◦
Zred and whose log structure is the inverse image of that of Z. Assume
that
◦
Z is of characteristic p > 0. Let FZ : Z −→ Z be the p-th power Frobenius
endomorphism. Let e be a fixed positive integer. Set q := pe. Set Z [q] := Z × ◦
Z,
◦
F eZ
◦
Z.
This is different from Z{q} := Z ×Z,F eZ Z = Z, though (Z [q])◦ =
◦
Z = (Z{q})◦. Then
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we have the following two natural morphisms
Z −→ Z [q] and Z [q] −→ Z.
The first morphism is the morphism induced by the multiplication by q of the log
structures and the second morphism is the morphism induced by the q-th power
endomorphism of the structure sheaf. We denote the first morphism by F
[e]
Z/
◦
Z
. Let
W be a fine log scheme over Z. Set ‘W := W ×Z Z [q]. Then we have the following
commutative diagram
(4.10.1)
W −−−−→ ‘W −−−−→ Wy y y
Z
F
[e]
Z/
◦
Z−−−−→ Z [q] −−−−→ Z.
Here the upper (resp. lower) horizontal composite endomorphism is the q-th power
Frobenius endomorphism ofW (resp. Z). We call F
[e]
Z/
◦
Z
the e-times iterated abrelative
Frobenius morphism of a base log scheme. (The adjective “abrelative” is a coined
word which implies “absolute and relative” or “far from being relative”.) We call
the morphism W −→ ‘W the abrelative Frobenius morphism of W over Z −→ Z [q].
Set also W ′ := W ×Z,F eZ Z. If the structural morphism W −→ Z is integral, then
◦
W ′ =
◦
W × ◦
Z,
◦
F eZ
◦
Z = ‘
◦
W .
Remark 4.11. In [O, p. 197] Ogus has already defined Z [p] and he has denoted it
by Z(1). (See [loc. cit.] for the definition of Z [p] even when
◦
Z is not necessarily of
characteristic p > 0; we recall this log scheme in (4.12) below.) In [loc. cit.] he has
used it to give a simpler proof of Hyodo-Kato isomorphism than the proof of it in
[HK]. In [Nakk7] the first named author in this article has used Z [q] to prove the
log convergence of the weight filtration on the log crystalline cohomology of a proper
SNCL scheme over a family of log points in characteristic p > 0.
Now assume that S0,red is of characteristic p > 0. Set S00 := S0,red. Assume
that there exists a lift F
[e]
S : S −→ S of the q-th power Frobenius endomorphism
F eS00 : S00 −→ S00. We fix F
[e]
S and assume that F
[e]
S induces a morphism F
[e]
S0
: S0 −→
S0. Set
◦
F
[e]
S := (F
[e]
S )
◦ and
◦
F
[e]
S0
:= (F
[e]
S0
)◦. Set also S[q] := S ×◦
S,
◦
F
[e]
S
◦
S and S
[q]
0 :=
S0 ×◦
S0,
◦
F
[e]
S0
◦
S0 by abuse of notation. (These log scheme may depend on the choice of
◦
F
[e]
S .) Because the following diagram
S
F
[e]
S−−−−→ Sy y
◦
S
◦
F
[e]
S−−−−→
◦
S
is commutative, we have a natural morphism F
[e]
S/
◦
S
: S −→ S[q]. Similarly we have a
natural morphism F
[e]
S0/
◦
S0
: S0 −→ S[q]0 . We also have two projections S[q] −→ S and
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S
[q]
0 −→ S0. Then we have the following commutative diagram:
(4.11.1)
S00
F e
S00/
◦
S00−−−−−−→ S[q]00
⋂y y⋂
S0
F
[e]
S0/
◦
S0−−−−−→ S[q]0
⋂y y⋂
S
F
[e]
S/
◦
S−−−−→ S[q]
over
(4.11.2)
◦
S00
◦
S00
⋂y y⋂
◦
S0
◦
S0
⋂y y⋂
◦
S
◦
S.
If e = 1, then we denote F
[e]
S and F
[e]
S/
◦
S
by FS and F
S/
◦
S
, respectively.
Remark 4.12. Let (MS , α) be the log structure of S. Following [O, p. 196], consider
the following composite morphism MS
q×−→MS α−→ OS and let S(q) be a log scheme
whose underlying scheme is
◦
S and whose log structure is associated to this composite
morphism. Then we have a natural morphism S −→ S(q), which we denote by
F
(e)
S/
◦
S
by abuse of notation. Set S
(q)
0 := S
(q) ×◦
S
◦
S0 and let F
(e)
S0/
◦
S0
: S0 −→ S(q)0 and
F
(e)
S00/
◦
S00
: S00 −→ S(q)00 be the induced morphism by F (e)
S/
◦
S
. Then we have the following
commutative diagram:
S00
F
(e)
S00/
◦
S00−−−−−−→ S(q)00
⋂y y⋂
S0
F
(e)
S0/
◦
S0−−−−−→ S(q)0
⋂y y⋂
S
F
(e)
S/
◦
S−−−−→ S(q)
over (4.11.2). However we do not use S
(q)
⋆ (⋆ = 0 or nothing) and F
(e)
S⋆/
◦
S⋆
: S⋆ −→ S(q)⋆
in this article because there does not exist a natural morphism S
(q)
⋆ −→ S⋆ in general
as pointed out in [O, p. 196]. Consequently, even if we are given a log scheme Y⋆ over
S⋆, we cannot have a log scheme “Y⋆ ×S⋆ S(q)⋆ ”.
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Set Y0 := Yred for simplicity of notation. Set ‘Y := Y×S0S[q]0 and ‘Y0 := ‘Y×S0S[q]00 .
By (4.10.1) we have the following commutative diagram
Y0
F0−−−−→ ‘Y0y y
S00
F
[e]
S00/
◦
S00−−−−−−→ S[q]00 ,
where F0 : Y0 −→ ‘Y0 is the e-times iterated abrelative Frobenius morphism over
S00 −→ S[q]00 . We assume that there exists a lift F : Y −→ ‘Y of F0 : Y0 −→ ‘Y0 over
S0 −→ S[q]0 . That is, we assume that there exists a morphism F : Y −→ ‘Y fitting
into the following commutative diagram
Y0
⊂−−−−→ Y
F0
y yF
‘Y0
⊂−−−−→ ‘Y
over the commutative diagram
S00
⊂−−−−→ S0
F
[e]
S00/
◦
S00
y yF [e]
S0/
◦
S0
S
[q]
00
⊂−−−−→ S[q]0 .
We say that (Y˜ , F˜ )/(S −→ S[q]) is a log smooth integral lift (or simply a lift) of
(Y, F )/(S0 −→ S[q]0 ) if Y˜ is a log smooth integral scheme over S such that Y˜ ×SS0 = Y
and F˜ is a morphism Y˜ −→ ‘Y˜ := Y˜ ×◦
S,
◦
F
[e]
S
◦
S over S −→ S[q] fitting into the following
commutative diagram
Y
⊂−−−−→ Y˜
F
y yF˜
‘Y
⊂−−−−→ ‘Y˜
over the commutative diagram
S0
⊂−−−−→ S
F
[e]
S0/
◦
S0
y yF [e]
S/
◦
S
S
[q]
0
⊂−−−−→ S[q].
Let Lift
(Y,F )/(S0⊂S,F
[e]
S )
be the following sheaf defined by the following equality:
Lift
(Y,F )/(S0⊂S,F
[e]
S )
(U) := {isomorphism classes of lifts of (U, F |U )/(S0 −→ S[q]0 )
over (S −→ S[q])}
for each log open subscheme U of Y . Here ‘U := U ×◦
S0,
◦
F
[e]
S0
◦
S0, F |U : U −→ ‘U is the
restriction of F to U , and the isomorphism classes of lifts of (U, F |U )/(S0 −→ S[q]0 )
over (S −→ S[q]) are defined in an obvious way.
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Let the notations be as above. Let ‘ι : ‘Y
⊂−→ ‘Y˜ be the closed immersion. Let
G˜ : Y˜ −→ ‘Y˜ be another lift of F . Take s in (4.1) as the composite morphism
Y
F−→ ‘Y ‘ι−→ ‘Y˜ over the composite morphism S0 ⊂−→ S −→ S[q]. Then G˜ defines
an element G˜∗ − F˜ ∗ of
HomOY (F
∗‘ι∗(Ω1
‘Y˜ /S
), IOY˜ ) = HomOY (F ∗(Ω1‘Y/S0), IOY˜ )(4.12.1)
= HomOY (F
∗(Ω1‘Y/S0),OY )⊗OS0 I = HomO‘Y (Ω1‘Y/S0 , F∗(OY ))⊗OS0 I.
This is the log version of a generalization of [NoS, p. 208, iii)].
The following is the log version of [NoS, p. 208, iv)]. This is a key lemma for
(4.14) below.
Lemma 4.13. Assume that there exists a lift (Y˜ , F˜ )/S of (Y, F )/S0. Assume that
I = πnOS for a global section π of OS and that qπn = 0 in OS for a positive integer
n. Assume also that S00 = S mod π and that the morphism OS00 ∋ 1 7−→ πn ∈ I is
a well-defined isomorphism. Let the notations be as in (4.4) (1) and denote δ in (4.4)
(1) by πnδ in this lemma; the new δ is an element of HomOY0 (Ω
1
Y0/S00
,OY0) since
HomOY (Ω
1
Y/S0
, IOY˜ ) = HomOY (Ω1Y/S0 ,OY )⊗OS0 I
∼←− HomOY0 (Ω1Y0/S00 ,OY0).
Denote by ‘g ∈ AutS(‘Y˜ , ‘Y ) the induced automorphism of ‘Y˜ by an element g ∈
AutS(Y˜ , Y ). Let ‘δ be the element of HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
,O‘Y0) obtained by ‘g. Then
the following hold:
(1) ‘δ(‘a) =
∑
i δ(ai) ⊗ bi for ‘a =
∑
i ai ⊗ bi ∈ O‘Y0 = OY0 ⊗OS00,Fe∗S00 OS00
(ai ∈ OY0 , bi ∈ OS00).
(2) g∗−1F˜ ∗‘g∗(‘a) − F˜ ∗(‘a) = πnF ∗0 (‘δ(‘a)) for ‘a =
∑
i ai ⊗ bi ∈ O‘Y˜ . Here we
denote the image of ‘a ∈ O‘Y˜ in O‘Y0 by ‘a by abuse of notation.
(3) 1+πn‘δ(‘m) = [1+πn
∑
i δ(mi), 1] for ‘m =
∏
i[mi, ui] ∈M‘Y0 =MY0⊕O∗S00 ,F e∗S00O∗S00 .
(4) (g∗−1F˜ ∗‘g∗)(‘m)(F˜ ∗(‘m))−1 = 1 + πnF ∗0 (‘δ(‘m)) for ‘m ∈ M‘Y˜ . Here we
denote the image of ‘m ∈M‘Y˜ in M‘Y0 by ‘m by abuse of notation.
(5) Let (Y˜1, F˜1)/S and (Y˜2, F˜2)/S be two lifts of (Y, F )/S0. Then there exists at
most one element h of IsomS(Y˜1, Y˜2) such that h|Y = idY and ‘h ◦ F˜1 = F˜2 ◦ h. Here
the ‘h on the left hand side of this equality is the induced isomorphism ‘Y˜ 1
∼−→ ‘Y˜ 2
by h.
(6) Let F , (Y˜1, F˜1) and (Y˜2, F˜2) be as in (5). Let h be an element of IsomS(Y˜1, Y˜2)
such that h|Y = idY . Then the image of
(‘hF˜1h
−1)∗ − F˜ ∗2 ∈ HomO‘Y (Ω1‘Y/S0 , F∗(IOY˜ )) = HomO‘Y (Ω1‘Y/S0 , F∗(OY ))⊗OS0 I
∼←− HomO‘Y0 (Ω1‘Y0/S00 , F0∗(OY0))
in HomO‘Y0 (Ω
1
‘Y0/S00
, F0∗(OY0)/O‘Y0) is independent of the choice of h.
Proof. (1): Since
‘a+ πn‘δ(‘a) = ‘g∗(‘a) = ‘g∗(
∑
i
ai ⊗ bi) =
∑
i
(ai + π
nδ(ai))⊗ bi = ‘a+
∑
i
πnδ(ai)⊗ bi
and OS00 ≃ I, we obtain (1).
30
(2): Let ⋆ be nothing or ‘. Express ⋆g∗(⋆a) = ⋆a + πn⋆δ(⋆a) (⋆a ∈ OY˜ ⋆) with
⋆δ(⋆a) ∈ O⋆Y0 . We claim that ⋆δ(π⋆a) = 0 for ⋆a ∈ O⋆Y . Indeed, since ⋆g∗ is
π-linear and πn+1 = 0, π⋆a = π(⋆a + πn⋆δ(⋆a)) = π⋆g∗(⋆a) = ⋆g∗(π⋆a) = π⋆a +
πn⋆δ(π⋆a). Hence ⋆δ(π⋆a) = 0 in O⋆Y0 . Consider a local section ‘a :=
∑
i ai ⊗ bi ∈
OY˜ ⊗OS,F [e]∗S OS = O‘Y˜ . Then F˜
∗(‘a) =
∑
(aqi bi + πci) for some section ci ∈ OY .
Hence πnδ(F˜ ∗(‘a)) = πnδ(
∑
(aqi bi + πci)) = 0 because δ is a derivation over OS
and because qπn = 0 = πn+1 in OY˜ . Using these vanishings, we have the following
equalities:
g∗−1F˜ ∗‘g∗(‘a) = g∗−1F˜ ∗(‘a+ πn‘δ(‘a)) = g∗−1(F˜ ∗(‘a) + πn
∑
i
δ(ai)
qbi)
= F˜ ∗(‘a)− πnδ(F˜ ∗(‘a)) + πn
∑
i
(δ(ai)
qbi − πnδ(πnδ(ai)qbi))
= F˜ ∗(‘a) + πn
∑
i
δ(ai)
qbi = F˜
∗(‘a) + πnF ∗0 (‘δ(‘a)).
(3): Because
‘m(1 + πn‘δ(‘m)) = ‘g∗(‘m) =
∏
i
[g∗(mi), ui] =
∏
i
[mi(1 + π
nδ(mi)), ui]
= ‘m[
∏
i
(1 + πnδ(mi)), 1] = ‘m[1 + π
n
∑
i
δ(mi), 1],
we obtain (3).
(4): Consider a local section ‘m :=
∏
i[mi, ui] ∈ M‘Y˜ in (3). Express F˜ ∗(‘m) =
(
∏
im
q
iui)(1 + πη(‘m)) (η(‘m) ∈ OY ). We have the following equalities:
(g∗−1F˜ ∗‘g∗)(‘m) = g∗−1F˜ ∗(‘m(1 + πn‘δ(‘m))) = g∗−1(F˜ ∗(‘m)F˜ ∗([1 + πn
∑
i
δ(mi), 1]))
= g∗−1(F˜ ∗(‘m)(1 + πn
∑
i
δ(mi)
q))
= g∗−1(F˜ ∗(‘m))g∗−1(1 + πn
∑
i
δ(mi)
q)
= F˜ ∗(‘m)(1 − πnδ(F˜ ∗(‘m)))(1 + πn
∑
i
δ(mi)
q)(1 − πnδ(1 + πn
∑
i
δ(mi)
q))
= F˜ ∗(‘m)(1 − πnδ(
∏
i
mqiui(1 + πη(‘m))))(1 + π
n
∑
i
δ(mi)
q)
= F˜ ∗(‘m)(1 − πn(
∑
i
δ(mqiui) + {1− πη(‘m)}δ(1 + πη(‘m))))(1 + πn
∑
i
δ(mi)
q)
= F˜ ∗(‘m)(1 + πn
∑
i
δ(mi)
q) = F˜ ∗(‘m)(1 + πnF ∗0 (‘δ(‘m))).
Here we have used the formula in (4.3) (3) for the sixth and the seventh equalities;
we have also used (3) for the second and the last equalities.
(5): Let gi : Y˜1
∼−→ Y˜2 (i = 1, 2) be an isomorphism such that gi|Y = idY and
‘gi◦F˜1 = F˜2◦gi on Y˜1. Set g := g1◦g−12 ∈ AutS(Y˜2, Y ). Let δ ∈ HomOY0 (Ω1Y0/S00 ,OY0)
be the morphism corresponding to g. Then we obtain the following equalities by using
(2):
0 = (‘g1F˜ 1g
−1
1 )
∗(‘a)− (‘g1F˜ 1g−11 )∗(‘a) = (‘g1‘g−12 F˜ 2g2g−11 )∗(‘a)− (‘g1F˜ 1g−11 )∗(‘a)
= (‘gF˜ 2g
−1)∗(‘a)− (‘g1F˜ 1g−11 )∗(‘a) = (‘gF˜ 2g−1)∗(‘a)− F˜ ∗2(‘a) = πn(F ∗0 (‘δ(‘a))).
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Because OY0 ∼−→ πnOY˜ (since
◦
Y˜ is flat over
◦
S), F ∗0 (‘δ(‘a)) = 0. Because
◦
Y 0 is
reduced, the morphism F ∗0 : O‘Y0 −→ F0∗(OY0) is injective and hence ‘δ(‘a) = 0.
Because
◦
Y 0 is reduced, the pull-back ‘pr
∗
0 : OY0 −→ pr∗(O‘Y0) of the projection
‘pr0 : ‘Y0 −→ Y0 is also injective. Hence
δ(a) = 0 (a ∈ OY˜ ).(4.13.1)
On the other hand, we obtain the following equalities by using (4):
1 = (‘g1F˜ 1g
−1
1 )
∗(‘m){(‘g1F˜ 1g−11 )∗(‘m)}−1
= (‘g1‘g
−1
2 F˜ 2g2g
−1
1 )
∗(‘m){(‘g1F˜ 1g−11 )∗(‘m)}−1
= (‘gF˜ 2g
−1)∗(‘m){(‘g1F˜ 1g−11 )∗(‘m)}−1
= [(‘gF˜ 2g
−1)∗(‘m){F˜ ∗2(‘m)}−1] = 1 + πnF ∗0 (‘δ(‘m)).
By the same argument as that in the previous paragraph, we see that the following
equality holds:
δ(m) = 0 (m ∈MY˜ ).(4.13.2)
By (4.13.1) and (4.13.2), we see that g = idY˜ and consequently g1 = g2. We have
completed the proof of (5).
(6) Let gi : Y˜1
∼−→ Y˜2 (i = 1, 2) be an isomorphism such that gi|Y = idY . Set
g := g1 ◦ g−12 ∈ AutS(Y˜2, Y ). Then we obtain the following equalities as in (5):
(‘g1F˜1g
−1
1 )
∗(‘a)− F˜ ∗2 (‘a) = (‘g1‘g−12 ‘g2F˜1g−12 g2g−11 )∗(‘a)− F˜ ∗2 (‘a)
= (‘g‘g2F˜1g
−1
2 g
−1)∗(‘a)− F˜ ∗2 (‘a)
= (‘g2F˜1g
−1
2 )
∗(‘a) + πn(‘g2F0g
−1
2 )
∗(‘δ(‘a)) − F˜ ∗2 (‘a)
= (‘g2F˜1g
−1
2 )
∗(‘a)− F˜ ∗2 (‘a) + πnF ∗0 (‘δ(‘a))
since g2|Y = idY . Analogously we obtain the following equalities as in (5):
(‘g1F˜1g
−1
1 )
∗(‘m)(F˜ ∗2 (‘m))
−1 = (‘g1‘g
−1
2 ‘g2F˜1g
−1
2 g2g
−1
1 )
∗(‘m)(F˜ ∗2 (‘m))
−1
= (‘g‘g2F˜1g
−1
2 g
−1)∗(‘m)(F˜ ∗2 (‘m))
−1
= {(‘g2F˜1g−12 )∗(‘m)(1 + πn(‘g2F0g−12 )∗(‘δ(‘m)))}(F˜ ∗2 (‘m))−1
= {(‘g2F˜1g−12 )∗(‘m)F˜ ∗2 (‘m)−1}(1 + πnF ∗0 (‘δ(‘m)))
since g2|Y = idY . Hence we see that the image of (‘hF˜1h−1)∗−F˜ ∗2 in the quotient of the
map F ∗0 : HomO‘Y0 (Ω
1
‘Y0/S00
,O‘Y0) −→ HomO‘Y0 (Ω1‘Y0/S00 , F0∗(OY0)) is independent of
h. This proves (6).
The following (2) and (3) are the log versions of [NoS, Proposition 1 in p. 205];
the following (4) is the log version of [Sr, p. 104 (ii)]; the following (5) is an additional
result. Roughly speaking, we follow the argument in [NoS] for the proof of (3).
However to give the precise proof of it is very involved (cf. (4.16)). The most important
part in (4.14) is (2). Once one knows (2), (3) is a formal consequence of (2); however
to prove (2), we use the argument in the proof of (3); the proof of (4.14) is logically
more complicated than those of (4.1) and (4.2).
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Theorem 4.14. Let I, π and n be as in (4.13). Then the following hold:
(1) Assume that (Y, F )/S0 has a lift (Y˜ , F˜ )/S. Set AutS,F [e]S
(Y˜ , Y ) := {g ∈
AutS(Y˜ ) | g|Y = idY , F˜ ◦ g = ‘g ◦ F˜}. Then AutS,F [e]S (Y˜ , Y ) = {idY˜ }.
(2) Let ‘pr0 : ‘Y0 −→ Y0 be the projection. The sheaf Lift(Y,F )/(S0⊂S,F [e]S ) on
◦
Y is
a torsor under ‘pr0∗(HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0)/O‘Y0)).
(3) In
Ext1‘Y0(Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)/O‘Y0),
there exists a canonical obstruction class obs
(Y,F )/(S0⊂S,F
[e]
S )
of a lift of (Y, F )/(S0 −→
S
[q]
0 ) over S −→ S[q].
(4) Let
∂ : Ext1‘Y0(Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)/O‘Y0) −→ Ext2‘Y0(Ω1‘Y0/S[q]00 ,O‘Y0)
be the boundary morphism obtained by the following exact sequence (3.2):
0 −→ O‘Y0 −→ F0∗(OY0) −→ F0∗(OY0)/O‘Y0 −→ 0.(4.14.1)
Then ∂(obs
(Y,F )/(S0⊂S,F
[e]
S )
) = obs
‘Y/(S
[q]
0 ⊂S
[q])
.
(5) Assume that there exists a lift Y˜ /S of Y/S0. Let ‘Y˜ be the base change of Y˜
by the morphism S[q] −→ S. Then, in
Ext1‘Y0(Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)),
there exists a canonical obstruction class obsY˜ /S(F ) of a lift F˜ : Y˜ −→ ‘Y˜ of F : Y −→
‘Y and this is mapped to obs
(Y,F )/(S0⊂S,F
[e]
S )
by the following natural morphism
∂ : Ext1‘Y0(Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)) −→ Ext1‘Y0(Ω1‘Y0/S[q]00 , F0∗(OY0)/O‘Y0).
Proof. If there exists a lift (Y˜ , F˜ )/(S −→ S[q]) of (Y, F )/(S0 −→ S[q]0 ), identify
HomO‘Y (Ω1‘Y/S[q]0 , F˜∗(IOY˜ )) with HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)).
(1): (1) immediately follows from (4.13) (5).
(2): Assume that there exists a lift (Y˜ , F˜ )/S of (Y, F ) over S. Let (Z˜, G˜)/S be
another lift of (Y, F ) over S. Let U˜ := {U˜i}i∈I and (resp. V˜ := {V˜i}i∈I) be an open
covering of Y˜ (resp. an open covering of Z˜) such that there exists an isomorphism
gi : U˜i
∼−→ V˜i such that gi|Ui = idUi . Here Ui := U˜i|Y and V˜i is an open log subscheme
of Z˜ such that V˜i|Y = Ui. Set F˜i := F˜ |U˜i : U˜i −→ ‘U˜i and G˜i := G˜|V˜i : V˜i −→ ‘V˜i.
Then we have a section (‘g−1i G˜igi)
∗ − F˜ ∗i ∈ HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0))(‘Ui). If
we change gi, then this section may change. However the image of this section in
HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)/O‘Y0)(‘Ui) does not change by (4.13) (6) and it is a well-
defined section. This well-definedness also tells us that these local sections patch
together. Consequently we have an element of HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)/O‘Y0).
Conversely assume that we are given a global section of HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)/O‘Y0).
Take a local lift in HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
, F0∗(OY0)) of this global section. There ex-
ists a lift U˜i/S of Ui/S0 if Ui is a small log affine open subscheme of Y . Set
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‘U˜i := U˜i ×S S[q]. Let F˜i : U˜i −→ ‘U˜i be a lift of Fi := F |Ui : Ui −→ ‘Ui. (This
lift exists.) By (4.1) the local section of HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0)) corresponds
to a local lift (U˜i, F˜
′
i) of (Ui, Fi). Since this is obtained by the global section of
HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0)/O‘Y0), they patch together by the proof of (3) below:
we have only to change gij : U˜ij
∼−→ U˜ji in the proof of (4.7) by g′ij : U˜ij ∼−→ U˜ji,
where g′ij is the isomorphism in the proof of (3) below.
(3): Let the notations be as in the proof of (4.7). Assume that on U˜i there
exists a lift F˜i : U˜i −→ ‘U˜i of Fi : Ui −→ ‘Ui. This morphism defines a morphism
F˜j |U˜ji : U˜ji −→ ‘U˜ ji. Then F˜j |U˜ji and ‘gij(F˜i|U˜ij )g
−1
ij are two lifts of Fij := F |Uij : Uij =
Uji −→ ‘Uji = ‘Uij . Hence we have an element
ω˜ij := (F˜j |U˜ji )∗ − (‘gij(F˜i|U˜ji )g−1ij )∗ ∈ HomO‘Uij (Ω1‘Uij/S[q]0 , F∗(IOU˜ji ))
∼←− HomO‘Uij,0 (Ω1‘Uij,0/S[q]00 , F0∗(OUij,0)).
Let ωij be the image of this element in HomO‘Uij,0 (Ω
1
‘Uij,0/S
[q]
00
, F0∗(OUij,0 )/O‘Uij,0).
Then, by (4.13) (6), ωij is independent of the choice of gij . We claim that the
following equality holds:
ωik = ωij + ωjk.
Indeed, by (4.8),
ω˜ij + ω˜jk = g
∗−1
jk {(F˜j |U˜jik )∗ − (‘gij(F˜i|U˜ijk )g
−1
ij )
∗}‘g∗jk + (F˜k|U˜kji )∗ − (‘gjk(F˜j |U˜jki )g
−1
jk )
∗
= (F˜k|U˜kji )∗ − g∗
−1
jk (‘gij(F˜i|U˜jik )g
−1
ij )
∗‘g∗jk = (F˜k|U˜kji )∗ − (‘gjk‘gij(F˜i|U˜ijk)(gjkgij)−1)∗.
By (4.13) (6) again, the image of the last term in HomO‘Uijk,0 (Ω
1
‘Uijk,0/S
[q]
00
, F0∗(OUijk,0 )/O‘Uijk,0 )
is equal to ωik. Set U0 := {Ui,0}i∈I and ‘U0 := {‘Ui,0}i∈I . As a result, we obtain the
class {ωij} in Hˇ1(‘U0,HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0)/O‘Y0)).
We claim that the class {ωij}, more strongly the class {ω˜ij} is independent of the
choice of the lift F˜i. Indeed, let us take another lift F˜
′
i. Then {F˜ ′i − F˜i}i defines an
element of ∏
i
HomO‘Ui,0 (Ω
1
‘Ui,0/S
[q]
00
, F0∗(OUi,0 )).
Hence the class of {ω˜ij}ij is independent of the choice of the lift F˜i by the following
equalities obtained by (4.8):
(F˜ ′j |U˜jik )∗ − (‘gij(F˜ ′i|U˜ijk)g
−1
ij )
∗ − {(F˜j |U˜jik)∗ − (‘gij(F˜i|U˜ijk )g
−1
ij )
∗}
= (F˜ ′j |U˜jik )∗ − (F˜j |U˜jik )∗ − {(‘gij(F˜ ′i|U˜ijk )g
−1
ij )
∗ − (‘gij(F˜i|U˜ijk)g
−1
ij )
∗}
= (F˜ ′j |U˜jik )∗ − (F˜j |U˜jik )∗ − {(F˜ ′i|U˜ijk )∗ − (F˜i|U˜ijk )∗} = (∂{F˜ ′i − F˜i}i)ij .
(The calculation above is missing in [NoS].)
Next we claim that the class of {ωij}ij is independent of the choice of the open
covering U0. This is clear since any two open coverings have a refinement and F˜i|V is
a lift of F |V for any log open subscheme V of Ui.
As in [NoS], we claim that the class {ωij} is the obstruction class of a lift of
(Y, F )/(S0 −→ S[q]0 ) over (S −→ S[q]). Indeed, if there exists a lift (Y˜ , F˜ )/(S −→ S[q])
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of (Y, F )/(S0 −→ S[q]0 ), then we can take gij (resp. F˜i) as the identity idU˜ij (resp. F˜ |U˜i)
and hence ωij = 0.
Conversely assume that {ωij} = 0 in Hˇ1(‘U0,HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0)/O‘Y0)).
Then there exists a section ωi ∈ HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0)/O‘Y0)(‘Ui,0) such that
ωij = ωj − ωi. Then
ω˜ij = ω˜j − ω˜i + F ∗0 (ηij)(4.14.2)
inHomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0))(‘Ui,0) for a section ηij ∈ HomO‘Y0 (Ω
1
‘Y0/S
[q]
00
,O‘Y0)(‘Uij,0).
Here ω˜i ∈ HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(OY0))(‘Ui,0) is a lift of ωi. Change F˜i by F˜
′
i such
that F˜ ′∗i − F˜ ∗i = −ω˜i ((4.1)) and change gij by g′ij such that ‘g′∗ij − ‘g∗ij = ηij ((4.1),
(4.3)). In the following we denote F˜j |U˜ij by F˜j for simplicity of notation. Then the
equality (4.14.2) is equivalent to the following equality:
F˜ ∗j − (‘gijF˜ig−1ij )∗ = −F˜ ′∗j + F˜ ∗j + F˜ ′∗i − F˜ ∗i + F ∗0 (‘g′∗ij − ‘g∗ij).
Hence
F˜ ′∗j − (‘(g′ij)F˜ ′ig′−1ij )∗ = (‘gij F˜ig−1ij )∗ − (‘(g′ij)F˜ ′ig′−1ij )∗ + F˜ ′∗i − F˜ ∗i + F ∗0 (‘g′∗ij − ‘g∗ij).
(4.14.3)
We claim that the right hand side of (4.14.3) vanishes. To prove this vanishing, we
have to make quite strange calculations (at least at first glance) as follows. (These
calculations are missing in [NoS].)
Let a be a local section of O‘U˜ji . Let b ∈ O‘U˜ij be a lift of the image of a in
O‘Uji = O‘Uij . By (4.15) (1) below, we have the following equalities:
(‘gij F˜ig
−1
ij )
∗(a)− (‘(g′ij)F˜ ′ig′−1ij )∗(a)
= (g−1ij )
∗(F˜ ∗i (b)− F˜ ′∗i (b)) + πn(F ∗0 (δ‘gij (a, b))− F ∗0 (δ‘(g′ij)(a, b)))
= F˜ ∗i (b)− F˜ ′∗i (b) + πnF ∗0 (δ‘gij (a, b)))− πnF ∗0 (δ‘(g′ij)(a, b))).
Hence
(‘gij F˜ig
−1
ij )
∗(a)− (‘(g′ij)F˜ ′ig′−1ij )∗(a) + F˜ ′∗i (b)− F˜ ∗i (b)
= πn(F ∗0 (δ‘gij (a, b)))− F ∗0 (δ‘(g′ij)(a, b)))).
The last term is equal to F ∗0 (δ
∗
‘gij
(a, b) − δ∗‘(g′ij)(a, b)) via the identification π
nOY˜1 ≃
OY0 . This is equal to F ∗0 ((‘g∗ij − ‘g′∗ij)(a)) by (4.15) (2) below. Consequently the value
of the right hand side of (4.14.3) for any a ∈ O‘U˜ji and any lift b ∈ O‘U˜ij of the image
of a in O‘Uji is equal to 0. Similarly, by using (4.15) (3) and (4) below, the value of
the right hand side of (4.14.3) for any m ∈M‘U˜ji and any lift l ∈M‘U˜ij of the image
of m in M‘Uji is equal to 0. In conclusion, the right hand side of (4.14.3) is 0. Hence
F˜ ′j = (‘g
′
ij F˜
′
ig
′−1
ij )
∗.(4.14.4)
Consequently
(‘(g′jk)‘(g
′
ij)F˜
′
i(g
′
jkg
′
ij)
−1)∗ = F˜ ′k = (‘(g
′
ik)F˜
′
ig
′−1
ki )
∗.(4.14.5)
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By (4.13) (5), g′∗ki = (g
′
jkg
′
ij)
∗. Obviously this implies that g′ik = g
′
jkg
′
ij . In this way,
we see that U˜i and F˜
′
i patch together.
(4): Because ωik = ωij + ωjk in HomO‘Uij,0 (Ω
1
‘Uij,0/S
[q]
00
, F0∗(OUij,0)/O‘Uij,0), there
exists an element ωijk ∈ HomO‘Uijk,0 (Ω1‘Uijk,0/S[q]00 ,O‘Uijk,0 ) such that ω˜ij+ ω˜jk− ω˜ik =
F ∗0 (ωijk). By the definition of ∂, {ωijk} ∈ Ĥ2(‘U0,HomO‘Y0 (Ω1‘Y0/S[q]00 ,O‘Y0)) is the
element ∂(obs
(Y,F )/(S0⊂S,F
[e]
S )
). On the other hand, by the definition of ω˜ij ,
F˜ ∗j − (g−1ij )∗(F˜i)∗‘g∗ij = F˜ ∗j − (‘gij(F˜i)g−1ij )∗ = ω˜ij .
By this equality, we also have the following equality by (4.8):
g∗ijF˜
∗
j |U˜ij (‘g
−1
ij )
∗ − F˜ ∗i |U˜ij = ω˜ij .
Hence
((‘g−1ik ‘gjk‘gij)
−1F˜i(g
−1
ik gjkgij))
∗ − F˜ ∗i = g∗ijg∗jk(g−1ik )∗F˜ ∗i ‘g∗ik(‘g−1jk )∗(‘g−1ij )∗ − F˜ ∗i
= g∗ijg
∗
jk(F˜
∗
k − ω˜ik)(‘g−1jk )∗(‘g−1ij )∗ − F˜ ∗i
= g∗ij(g
∗
jkF˜
∗
k (‘g
−1
jk )
∗ − ω˜ik)(‘g−1ij )∗ − F˜ ∗i
= −ω˜ik + ω˜jk + ω˜ij = F ∗0 (ωijk).
Let δijk be the δ for gijk = g
−1
ik gjkgij . Then
((‘g−1ik ‘gjk‘gij)
−1F˜i(g
−1
ik gjkgij))
∗ − F˜ ∗i = (‘gijkF˜kg−1ijk)∗ − F˜ ∗i = F ∗0 (δijk)
by (4.13) (2) and (4). Hence F ∗0 (δijk) = F
∗
0 (ωijk). Since F
∗
0 is injective, δijk = ωijk.
This implies the desired equality obs
‘Y/(S
[q]
0 ⊂S
[q])
= ∂(obs
(Y,F )/(S0⊂S,F
[e]
S )
).
(5): (5) follows from (4.1) and the argument in the proof of (4). Indeed, we have
only to set gij = idU˜ij , where U˜ij is an open log subscheme of Y˜ corresponding to Uij
in Y .
We have to give analogues of (4.13) (2) and (4) for the proof of (4.14) (3). This is
a non-trivial lemma:
Lemma 4.15. Let the notations be before (4.13). Let Y˜i (i = 1, 2) be a lift of Y over
S. Assume that there exists an isomorphism g : Y˜1
∼−→ Y˜2 over S such that g|Y = idY .
Let ‘g : ‘Y˜1
∼−→ ‘Y˜2 be the induced isomorphism by g. Let (Y˜1, F˜ ) be a lift of (Y, F )
over S. Then the following hold:
(1) For a local section a of O‘Y˜2 , let a be the image of a in O‘Y and let b be a lift of a
in O‘Y˜1 . Let δ‘g(a, b) be a unique local section of O‘Y0 such that πnδ‘g(a, b) = ‘g∗(a)−b.
Here we have considered πnδ‘g(a, b) as a local section of O‘Y˜1 . Then
(g−1)∗F˜ ∗(‘g)∗(a) = (g−1)∗F˜ ∗(b) + πnF ∗0 (δ‘g(a, b)).(4.15.1)
(2) Let the notations be as in (1). Let h be another isomorphism h : Y˜1
∼−→ Y˜2 over
S such that h|Y = idY . Then πn(δ‘h(a, b)− δ‘g(a, b)) = ‘h∗(a)− ‘g∗(a). In particular
this is independent of the choice of b.
(3) For a local section m of M‘Y˜2 , let m be the image of m in M‘Y and let l
be a lift of m in M⋆Y˜1 . Let δ‘g(m, l) be a unique local section of O‘Y0 such that
‘g∗(m) = l(1 + πnδ‘g(m, l)). Then
(g−1)∗F˜ ∗(‘g)∗(m) = (g−1)∗F˜ ∗(l)(1 + πnF ∗0 (δ‘g(m, l))).(4.15.2)
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(4) Let the notations be as in (2) and (4). Then δ‘h(m, l)−δ‘g(m, l) = ‘h∗(m)(‘g∗(m))−1.
In particular this is independent of the choice of l.
Proof. (1): We have the following equalities since g|Y = idY :
(g−1)∗F˜ ∗(‘g)∗(a) = (g−1)∗F˜ ∗(b+ πnδ‘g(a, b))
= (g−1)∗(F˜ ∗(b) + F˜ ∗(πnδ‘g(a, b)))
= (g−1)∗F˜ ∗(b) + πnF ∗0 (δ‘g(a, b)).
(2): Obvious.
(3): We have the following equalities since g|Y = idY :
(g−1)∗F˜ ∗(‘g)∗(m) = (g−1)∗F˜ ∗(l(1 + πnδ‘g(m, l)))
= (g−1)∗(F˜ ∗(l)(1 + F˜ ∗(πnδ‘g(m, l)))
= (g−1)∗(F˜ ∗(l))(1 + πnF ∗0 (δ‘g(m, l))).
(4): Obvious.
Remark 4.16. The lemma (4.15) in the trivial logarithmic case is missing in [NoS].
The strange calculation to prove the equality (4.14.4) in the trivial logarithmic case
is also missing in [loc. cit.]. These are indispensable in [loc. cit.] for the proof of the
equality (4.14.4); the complicatedness for the proof arises because we have to make
calculations for local sections in F0∗(OY0) not in F0∗(OY0)/O‘Y0 .
Corollary 4.17. Assume that e = 1. Assume also that Y0/S00 is of Cartier type.
Then the following hold:
(1) The sheaf Lift(Y,F )/(S0⊂S,FS) on
◦
Y is a torsor under ‘pr0∗(HomO‘Y0 (Ω1‘Y0/S[q]00 , F0∗(BΩ
1
Y0/S00
))).
(2) In
Ext1‘Y0(Ω
1
‘Y0/S
[p]
00
, F0∗(BΩ
1
Y0/S00
)),
there exists a canonical obstruction class obs(Y,F )/(S0⊂S,FS) of a lift of (Y, F )/(S0 −→
S
[p]
0 ) over S −→ S[p].
(3) Let
∂ : Ext1‘Y0(Ω
1
‘Y0/S
[p]
00
, F0∗(BΩ
1
Y0/S00
)) −→ Ext2‘Y0(Ω1‘Y0/S[p]00 ,O‘Y0)
be the boundary morphism obtained by the following exact sequence (3.2):
0 −→ O‘Y0 −→ F0∗(OY0)
F0∗(d)−→ F0∗(BΩ1Y0/S00) −→ 0.(4.17.1)
Then ∂(obs(Y,F )/(S0⊂S,FS)) = obs‘Y/(S[p]0 ⊂S[p])
.
Proof. Recall that Y ′0 := Y0 ×S00,FS00 S00 and that
◦
Y ′0 = ‘
◦
Y 0. By (3.2.1)
F0∗(OY0)/OY ′0 = F0∗(BΩ1Y0/S00).(4.17.2)
Now (4.17) follows from (4.14) and (4.17.2).
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In the rest of this section, we consider the log deformation theory with absolute
Frobenius endomorphism when
◦
S is perfect.
Let F0 : Y0 −→ Y0 be the e-times iterated absolute Frobenius endomorphism over
F eS00 : S00 −→ S00. We assume that there exists a lift F : Y −→ Y of F0 : Y0 −→ Y0
over F
[e]
S0
. We say that (Y˜ , F˜ )/F
[e]
S is a log smooth integral lift (or simply a lift) of
(Y, F )/F
[e]
S0
if Y˜ is a log smooth integral scheme over S such that Y˜ ×S S0 = Y and
F˜ is a morphism Y˜ −→ Y˜ over F [e]S fitting into the following commutative diagram
Y
⊂−−−−→ Y˜
F
y yF˜
Y
⊂−−−−→ Y˜
over the commutative diagram
S0
⊂−−−−→ S
F
[e]
S0
y yF [e]S
S0
⊂−−−−→ S.
Let Lift
(Y,F )/(S0⊂S,F
[e]
S )
be the following sheaf defined by the following equality:
Lift
(Y,F )/(S0⊂S,F
[e]
S )
(U) := {isomorphism classes of lifts of (U, F |U )/F [e]S0
over F
[e]
S }
for each log open subscheme U of Y . Here the isomorphism classes of lifts of (U, F |U )/F [e]S0
over F
[e]
S are defined in an obvious way.
Then the following hold by the same proof as that of (4.14):
Theorem 4.18. Let I, π and n be as in (4.13). Then the following hold:
(1) Assume that (Y, F )/S0 has a lift (Y˜ , F˜ )/S. Set AutS,F [e]S
(Y˜ , Y ) := {g ∈
AutS(Y˜ ) | g|Y = idY , F ◦ g = g ◦ F}. Then AutS,F [e]S (Y˜ , Y ) = {idY }.
(2) The sheaf Lift
(Y,F )/(S0⊂S,F
[e]
S )
on
◦
Y is a torsor under HomOY0 (Ω1Y0/S00 , F0∗(OY0)/OY0).
(3) In
Ext1Y0(Ω
1
Y0/S00
, F0∗(OY0)/OY0),
there exists a canonical obstruction class obs
(Y,F )/(S0⊂S,F
[e]
S )
of a lift of (Y, F )/F
[e]
S0
over F
[e]
S .
(4) Let
∂ : Ext1Y0(Ω
1
Y0/S00
, F0∗(OY0)/OY0) −→ Ext2Y0(Ω1Y0/S00 ,OY0)
be the boundary morphism obtained by the following exact sequence (3.2):
0 −→ OY0 −→ F0∗(OY0) −→ F0∗(OY0)/OY0 −→ 0.(4.18.1)
Then ∂(obs
(Y,F )/(S0⊂S,F
[e]
S )
) = obsY/(S0⊂S).
(5) Assume that there exists a lift Y˜ /S of Y/S0. Then, in
Ext1Y0(Ω
1
Y0/S00
, F0∗(OY0)),
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there exists a canonical obstruction class obsY˜ /S(F ) of a lift F˜ : Y˜ −→ Y˜ of F : Y −→
Y and this is mapped to obs
(Y,F )/(S0⊂S,F
[e]
S )
by the following natural morphism
∂ : Ext1Y0(Ω
1
Y0/S00
, F0∗(OY0)) −→ Ext1Y0(Ω1Y0/S00 , F0∗(OY0)/OY0).
Corollary 4.19. Assume that e = 1. Assume also that Y0/S00 is of Cartier type and
that
◦
S00 is perfect. Then the following hold:
(1) The sheaf Lift(Y,F )/(S0⊂S,FS) on
◦
Y is a torsor under HomOY0 (Ω1Y0/S00 , F0∗(BΩ1Y0/S00)).
(2) In
Ext1Y0(Ω
1
Y0/S00
, F0∗(BΩ
1
Y0/S00
)),
there exists a canonical obstruction class obs(Y,F )/(S0⊂S,FS) of a lift of (Y, F )/FS0
over FS .
(3) Let
∂ : Ext1Y0(Ω
1
Y0/S00
, F0∗(BΩ
1
Y0/S00
)) −→ Ext2Y0(Ω1Y0/S00 ,OY0)
be the boundary morphism obtained by the following exact sequence (3.2):
0 −→ OY0 −→ F0∗(OY0)
F0∗(d)−→ F0∗(BΩ1Y0/S00) −→ 0.(4.19.1)
Then ∂(obs(Y,F )/(S0⊂S,FS)) = obsY/(S[p]0 ⊂S[p])
.
Proof. Recall that Y ′0 := Y0 ×S00,FS00 S00. Let F rel0 : Y0 −→ Y ′0 be the relative Frobe-
nius morphism. Because
◦
S00 is perfect, the projection
◦
Y ′0 −→
◦
Y 0 is an isomorphism.
By (4.17.2) we obtain the following composite isomorphism
F0∗(OY0)/OY0 ∼−→ F0∗(OY0)/OY ′0 = F rel0∗ (BΩ1Y0/S00)
∼←− F0∗(BΩ1Y0/S00).(4.19.2)
Now (4.19) follows from (4.18) and (4.19.2).
5 Log deformation theory vs log deformation the-
ory with relative Frobenius morphisms
In this section we develop a variant of the log deformation theory with abrelative
Frobenius morphisms in the previous section: we develop a log deformation theory
with (standard) relative Frobenius morphisms. Because the proofs of the key lemma
(5.1) and the main result (5.2) in this section are very similar to those in the pre-
vious section, we omit them. The log deformation theory with abrelative Frobenius
morphisms and the theory with relative Frobenius morphisms turns out equivalent
theories by (5.3) below. To obtain this equivalence, we can also use W. Zheng’s proof
in [SS], which asserts that the lift of the base change of a given log smooth integral
scheme by an abrelative Frobenius morphism is “the same” as that by a standard
relative Frobenius morphism.
Let the notations be as in the previous section. We fix the lift F
[e]
S as in the
previous section. Set Y ′ := Y ×
S0,F
[e]
S0
S0 and Y
′
0 := Y ×S00,F eS00 S00.
Let F0 : Y0 −→ Y ′0 be the e-iterated relative Frobenius morphism of Y0/S00.
Assume that there exists a lift F : Y −→ Y ′ of F0 : Y0 −→ Y ′0 over S. We say
that (Y˜ , F˜ )/S is a log smooth integral lift (or simply a lift) of (Y, F )/S0 if Y˜ is a
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log smooth integral scheme over S such that Y˜ ×S S0 = Y and F˜ is a morphism
Y˜ −→ Y˜ ′ := Y˜ ×
S,F
[e]
S
FS over S fitting into the following commutative diagram
Y
⊂−−−−→ Y˜
F
y yF˜
Y ′
⊂−−−−→ Y˜ ′
over the morphism S0
⊂−→ S.
Let Lift
(Y,F )/(S0⊂S,F
[e]
S )
be the following sheaf
Lift(Y,F )/(S0⊂S)(U) := {isomorphism classes of lifts of (U, F |U )/S0 over S}
for each log open subscheme U of Y . The isomorphism class of a lift of (U, F |U )/S0
over S is defined in an obvious way. Let ι′ : Y ′
⊂−→ Y˜ ′ be the closed immersion.
Let G˜ : Y˜ −→ Y˜ ′ be another lift of F . Take s in (4.1) as the composite morphism
Y
F−→ Y ′ ι
′
−→ Y˜ ′ over the composite morphism S0 ⊂ S. Then G˜ defines an element
G˜∗ − F˜ ∗ of
HomOY (F
∗ι′∗(Ω1
Y˜ ′/S
), IOY˜ ) = HomOY (F ∗(Ω1Y ′/S0), IOY˜ ) = HomOY ′ (Ω1Y ′/S0 , F∗(IOY˜ )).
(5.0.1)
Lemma 5.1. Let S, I, S0, S00 and δ be as in (4.13). Assume that there exists a
lift (Y˜ , F˜ )/S of (Y, F )/S0. Denote by g
′ ∈ AutS(Y˜ ′, Y ′) the induced automorphism
of Y˜ ′ by an element g ∈ AutS(Y˜ , Y ). Let δ′ be an element of HomOY ′
0
(Ω1Y ′0/S00
,OY ′0 )
obtained by g′. Then the following hold:
(1) δ′(a′) =
∑
i δ(ai)⊗ bi for a′ =
∑
i ai ⊗ bi ∈ OY˜ ′ (ai ∈ OY˜ , bi ∈ OS).
(2) g∗−1F˜ ∗g′∗(a′)− F˜ ∗(a′) = πnF ∗0 (δ′(a′)) for a′ =
∑
i ai ⊗ bi ∈ OY˜ ′ .
(3) 1+πnδ′(m′) = [1+πn
∑
i δ(mi), 1] for m
′ =
∏
i[mi, ni] ∈MY ⊕M∗S0 ,F∗S0 M
∗
S0
=
MY ′ .
(4) (g∗−1F˜ ∗g′∗)(m′)(F˜ ∗(m′))−1 = 1 + πnF ∗0 (δ
′(m′)) for m′ ∈MY ′ .
(5) Let (Y˜1, F˜1)/S and (Y˜2, F˜2)/S be two lifts of (Y, F )/S0. Then there exists at
most one element g of IsomS(Y˜1, Y˜2) such that g|Y = idY and g′◦F˜1 = F˜2◦g. Here the
g′ on the left hand side of the equality above is the induced isomorphism Y˜ ′1
∼−→ Y˜ ′2
by g.
(6) Let F , (Y˜1, F˜1) and (Y˜2, F˜2) be as in (5). Let h be an element of IsomS(Y˜1, Y˜2)
such that h|Y = idY . Then the image of (h′◦F˜1◦h−1)∗−F˜ ∗2 ∈ HomOY ′
0
(Ω1Y ′0/S00
, F0∗(OY0))
in HomOY ′0
(Ω1Y ′0/S00
, F0∗(OY0)/OY ′0 ) is independent of the choice of h.
Proof. We omit the proof because the proof is the same as that of (4.13).
Theorem 5.2. Let I, π and n be as in (4.13). Assume that
◦
Y 0 is reduced. Then the
following hold:
(1) Assume that (Y, F )/S0 has a lift (Y˜ , F˜ )/S. Set AutS,F [e]S
(Y˜ , Y ) := {g ∈
AutS(Y˜ ) | g|Y = idY , F ◦ g = g′ ◦ F}. Then AutS,F [e]S (Y˜ , Y ) = {idY }.
(2) Let pr0 : Y
′
0 −→ Y0 be the projection. Then the sheaf Lift(Y,F )/(S0⊂S,F [e]S ) on
◦
Y
is a torsor under pr0∗(HomOY ′
0
(Ω1Y ′0/S00
, F0∗(OY0)/OY ′0 )).
40
(3) In
Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(OY0)/OY ′0 ),
there exists a canonical obstruction class obs
(Y,F )/(S0⊂S,F
[e]
S )
of a lift of (Y, F )/S0 over
S.
(4) Let
∂ : Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(OY0)/OY ′0 ) −→ Ext2Y ′0 (Ω
1
Y ′0/S00
,OY ′0 )
be the boundary morphism obtained by the following exact sequence (3.2):
0 −→ OY ′0 −→ F0∗(OY0)
d−→ F0∗(OY0)/OY ′0 −→ 0.(5.2.1)
Then ∂(obs
(Y,F )/(S0⊂S,F
[e]
S )
) = obsY ′/(S0⊂S).
(5) Assume that there exists a lift Y˜ /S of Y/S0. Let Y˜
′ be the base change of
Y˜ by the morphism F
[e]
S : S −→ S. Then the obstruction class obsF (Y˜ ) of a lift
F˜ : Y˜ −→ Y˜ ′ of F : Y −→ Y ′ is an element of Ext1Y ′0 (Ω1Y ′0/S00 , F∗(OY0)) and this is
mapped to obs(Y,F )/(S0⊂S) by the natural morphism
∂ : Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(OY0)) −→ Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(OY0)/OY ′0 ).
Proof. We omit the proof because it is the same as that of (4.14).
Corollary 5.3. Let β0 : Y
′
0 −→ ‘Y0 and β : Y ′ −→ ‘Y be the natural morphisms. Set
‘F := β ◦ F . Then the following hold:
(1) Let
Lift
(Y,‘F )/(S0⊂S,F
[e]
S )
−→ Lift
(Y,F )/(S0⊂S,F
[e]
S )
(5.3.1)
be the natural morphism of sheaves in Yzar obtained by the base changes of the lifts
of the open log subschemes of ‘Y by the morphism F
[e]
S/
◦
S
: S −→ S[q]. Assume that
Lift
(Y,‘F )/(S0⊂S,F
[e]
S )
(Y ) is not empty. Then the following diagram is commutative:
(5.3.2)
Lift
(Y,F )/(S0⊂S,F
[e]
S )
(Y )
∼−−−−→ HomOY ′0 (Ω
1
Y ′0/S00
, F0∗(OY0)/OY ′0 )x ≃xβ∗0
Lift
(Y,‘F )/(S0⊂S,F
[e]
S )
(Y )
∼−−−−→ HomO‘Y0 (Ω1‘Y0/S[p]00 , ‘F0∗(OY0)/O‘Y0)
(2) Let
β∗0 : Ext
1
‘Y0(Ω
1
‘Y0/S
[p]
00
, F0∗(OY0)/O‘Y0) ∼−→ Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(OY0)/OY ′0 )
be the natural isomorphism. Then
β∗0 (obs(Y,‘F )/(S0⊂S,F [e]S )
) = obs
(Y,F )/(S0⊂S,F
[e]
S )
.
(3) The following diagram is commutative for q ∈ Z :
(5.3.3)
ExtqY ′0
(Ω1Y ′0/S00
, F0∗(OY0)/OY ′0 )
∂−−−−→ Extq+1Y ′0 (Ω
1
Y ′0/S00
,OY ′0 )
β∗0
x≃ ≃xβ∗0
Extq‘Y0(Ω
1
‘Y0/S
[p]
00
, ‘F0∗(OY0)/O‘Y0) ∂−−−−→ Extq+1‘Y0 (Ω1‘Y0/S[p]00 ,O‘Y0).
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Proof. (1), (2), (3): If f : V −→ W is a morphism of fine log schemes over S[q], then
we obtain the base change V ×
S[q],F
[e]
S/
◦
S
S −→ W ×
S,F
[e]
S/
◦
S
S of f over S. This base
change defines the left vertical morphism in (5.3.2). Recall that Y ′0 := Y0×S00,F eS00 S00.
Because Y0/S00 is integral,
◦
Y ′0 = ‘
◦
Y 0. By the isomorphism before [Kk1, (1.8)], we
also obtain the equality Ω1
‘Y0/S
[p]
00
= Ω1Y ′0/S00
; β∗0 is nothing but the identity. Hence we
obtain (1), (2) and (3).
Corollary 5.4. Assume that e = 1. Assume that Y0/S00 is of Cartier type. Then
the following hold:
(1) Let pr0 : Y
′
0 −→ Y0 be the projection. Then the sheaf Lift(Y,F )/(S0⊂S,F [e]S ) on
◦
Y
is a torsor under pr0∗(HomOY ′
0
(Ω1Y ′0/S00
, F0∗(BΩ
1
Y0/S00
)).
(2) In
Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(BΩ
1
Y0/S00
)),
there exists a canonical obstruction class obs
(Y,F )/(S0⊂S,F
[e]
S )
of a lift of (Y, F )/S0 over
S.
(3) Let
∂ : Ext1Y ′0 (Ω
1
Y ′0/S00
, F0∗(BΩ
1
Y ′0/S00
)) −→ Ext2Y ′0 (Ω
1
Y ′0/S00
,OY ′0 )
be the boundary morphism obtained by the following exact sequence (3.2):
0 −→ OY ′0 −→ F0∗(OY0)
F0∗(d)−→ F0∗(BΩ1Y0/S00) −→ 0.(5.4.1)
Then ∂(obs
(Y,F )/(S0⊂S,F
[e]
S )
) = obsY ′/(S0⊂S).
Proof. By (3.2.1)
F0∗(OY0)/OY ′0 = F0∗(BΩ1Y0/S00).(5.4.2)
Now (5.4) immediately follows from (5.3) and (5.4.2).
Remark 5.5. Let the notations be as in (5.3). More directly, we also obtain the
following isomorphism of sheaves on
◦
Y by W. Zheng’s proof in [SS]:
Lift
(Y,‘F )/(S0⊂S,F
[e]
S )
∼−→ Lift
(Y,F )/(S0⊂S,F
[e]
S )
.(5.5.1)
Indeed, we have only to construct the inverse of the natural morphism (5.3.1). Assume
that we are given a representable of an element (U˜ , U˜ ′, F˜ ) of Lift
(Y,F )/(S0⊂S,F
[e]
S )
.
Then, following [loc. cit.], consider the sum
◦
U˜ ′
∐
◦
U ′
◦
‘U of schemes, where
◦
U ′
⊂−→
◦
U˜ ′
is the natural exact closed immersion and the morphism
◦
U ′ −→ ‘
◦
U is the identity.
Hence this sum of the schemes is isomorphic to
◦
U˜ ′. Endow this scheme with the log
structure
MU˜ ′ ×MU′ M‘U =MU˜ ′ ×M‘U⊕M
S[q]
MS M‘U
with natural composite structural morphism MU˜ ′ ×MU′ M‘U ⊂ MU˜ ′ −→ OU˜ ′ . Let
‘U˜ be the resulting log scheme. Then F˜ : U˜ −→ U˜ ′ induces a morphism ‘F˜ : U˜ −→ ‘U˜ .
The triple (U˜ , ‘U˜ , ‘F˜ ) is the desired object of Lift
(Y,‘F )/(S0⊂S,F
[e]
S )
since (MU˜ ′×M‘U⊕M
S[q]
MS
M‘U )⊕M
‘U˜
MU˜ ′ =MU˜ ′ .
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Assume that S0 is of characteristic p > 0 and that Y/S0 is of Cartier type. Let
SecC be the following sheaf
SecC(U) := {Γ(U,OU )-linear sections of C : F∗(ZΩ1U/S0) −→ Ω1U ′/S0}
for each log open subscheme U of Y0.
The following is the log version of a generalization of [Y1, (2.2) 1] (cf. [DI, Theorem
3.5]).
Theorem 5.6. Let the assumptions be as in (5.2). Assume that e = 1 and n = 1
and that Y = Y0 and S0 = S00. Assume also that π = p and that
◦
S is flat over
Spec(Z/p2). Then there exists the following canonical isomorphism of sheaves on
◦
Y :
Lift(Y,F )/(S0⊂S,FS)
∼−→ SecC .(5.6.1)
Proof. Let (U˜ , F˜ ) be a representative of an element of Lift(Y,F )/(S0⊂S,FS)(U). We have
to construct a morphism Lift(Y,F )/(S0⊂S,FS)(U) −→ SecC(U) of sets. Let t : F −→ G
be a morphism of abelian sheaves on
◦
U˜ . If G is a sheaf of flat Z/p2-modules in U˜zar
and if Im(t) ⊂ pG, then we can define a unique morphism p−1t : F/p −→ G/p fitting
into the following commutative diagram:
F t−−−−→ G
proj.
y xp×
F/p p
−1t−−−−→ G/p.
Since F˜ is a lift of the relative Frobenius morphism of X −→ X ′ over S, the image of
the pull-back morphism F˜ ∗ : Ω1◦
U˜ ′/
◦
S
−→ F˜∗(Ω1◦
U˜/
◦
S
) is contained in pF˜∗(Ω
1
◦
U˜/
◦
S
). Simi-
larly, because of the expression F˜ ∗(m′) =
∏
im
p
ini(1+ pη(m
′)) for m′ =
∏
i[mi, ni] ∈
MU˜ ′ (mi ∈MU˜ , ni ∈ OMS ) with η(m′) ∈ OU , we see that the image of the morphism
d log F˜ ∗ : MU˜ ′ −→ F˜∗(Ω1U˜/S) is contained in pF˜∗(Ω1U˜/S). The morphism F˜ ∗ : Ω1U˜ ′/S −→
F˜∗(Ω
1
U˜/S
) induces the following morphism: F˜ ∗ : Ω1
U˜ ′/S
−→ pF˜∗(Ω1U˜/S). This mor-
phism induces the following morphism
F˜Ω1 := p
−1F˜ ∗ : Ω1U ′/S0 −→ F∗(Ω1U/S0).(5.6.2)
In fact, this morphism induces the following morphism
F˜Ω1 : Ω
1
U ′/S0
−→ F∗(ZΩ1U/S0)(5.6.3)
(cf. the formulas (5.6.4) and (5.6.5) below). Express F˜ ∗(a′) =
∑
i a
p
i bi + pη(a
′) for
a′ ∈ OU ′ with a′ =
∑
i ai ⊗ bi (ai ∈ OU˜ , bi ∈ OS) and η(a′) ∈ OU˜ . We can easily
check that the following equalities hold:
F˜Ω1(d(a⊗ b)) = b(ap−1da) + dη(a⊗ b), (a ∈ OU , b ∈ OS)(5.6.4)
and
F˜Ω1(d log([m,n])) = d logm+ dη([m,n]) (m ∈MU , n ∈MS)(5.6.5)
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(cf. [Sr, p. 106]). The morphism F˜Ω1 is compatible with the restrictions of log open
subschemes of Y . Hence the morphism (5.6.3) is a section of C : F∗(ZΩ
1
U/S0
) −→
Ω1U ′/S0 . Because Lift(Y,F )/(S0⊂S,FS) and SecC is a torsor under pr0∗HomOY ′ (Ω1Y ′/S0 , F∗(BΩ1Y/S0))
on Y ′, these are isomorphic.
The following statement is the log version of [Sr, p. 103 (i)]):
Theorem 5.7. Let the assumptions be as in (5.6). The obstruction class obs(Y,F )/(S0⊂S)
in Ext1Y ′(Ω
1
Y ′/S0
, F∗(BΩ
1
Y/S0
)) is equal to the extension class of the following exact
sequence
0 −→ F∗(BΩ1Y/S0) −→ F∗(ZΩ1Y/S0)
C−→ Ω1Y ′/S0 −→ 0.(5.7.1)
Proof. Let the notations be as in the proof of (4.14). Let F˜i : U˜i −→ U˜ ′i be a lift of
Fi : Ui −→ U ′i over S. Let ηi be the η in the proof of (5.6) for F˜i. Let m˜′ij = [m˜ij , n˜ij ] ∈
MU˜ ′ij
and a˜′ij = a˜ij ⊗ b˜ij ∈ OU˜ ′ij are lifts of local sections m
′
ij = [mij , nij ] ∈MU ′ij and
a′ij = aij ⊗ bij ∈ OU ′ij , respectively. Set m˜′′ij := (g′ij)∗(m˜′ij) = [g∗ij(mij), nij ] ∈ MU˜ ′ji
and a˜′′ji := (g
′
ij)
∗(a˜′′ij) = g
∗
ij(a˜ij) ⊗ b˜ij ∈ OU˜ ′ji . Let d logmij + d(ηi|Uij )(m
′
ij) and
bija
p−1
ij daij+d(ηi|Uij )(a′ij)) be elements of Γ(Uij , ZΩ1Y/S0). Then we have an element
{d logmij+d(ηj |Uij )(m′ij)}−{(d logmij+d(ηi|Uij )(m′ij))} = d((ηj |Uij )(m′ij)−(ηi|Uij )(m′ij))
of Γ(U ′ij , F∗(BΩ
1
Y/S0
)). We also have an element d((ηj |Uij )(a′ij) − (ηi|Uij )(a′ij)) of
Γ(U ′ij , F∗(BΩ
1
Y/S0
)). Hence we have an element of Γ(U ′ij ,HomOY ′ (Ω1Y ′/S0 , F∗(BΩ1Y/S0))).
Via the identification (F∗(OY )/OY ′)(U ′ij)
d, ≃−→ F∗(BΩ1Y/S0)(U ′ij), this is nothing but
a 1-cocycle arising from
(g′ij F˜j |U˜ijg−1ij )∗(m˜′ij)((F˜i|U˜ij )∗(m˜′ij))−1
= (g−1ij )
∗(F˜j |Uij )∗(m˜′′ij)|Uij (1 + pF ∗(δ‘gij (m˜′ij , m˜′′ij)))((F˜i|Uij )∗(m˜′ij))−1
≡ (g−1ij )∗(g∗ij(m˜pij)n˜ij)(1 + p(ηj |Uij )(m′ij))(m˜pij n˜ij(1 + p(ηi|Uij )(m′ij)))−1
= 1 + p((ηj |Uij )(m′ij)− p(ηi|Uij )(m′ij))
and
(g′ijF˜j |U˜ijg
−1
ij )
∗(a˜′ij)− (F˜i|U˜ij )∗(a˜′ij) = (g
−1
ij )
∗(F˜j |U˜ij )∗(a˜′′ij) + pF ∗(δ‘gij (a˜′ij , a˜′′ij))− (F˜i|U˜ij )∗(a˜′ij)
≡ (g−1ij )∗(gij)∗(a˜pij )˜bij + p(ηj |Uij )(a′ij)− (a˜pij b˜ij + p(ηi|Uij )(a′ij))
= p(ηj |Uij )(a′ij)− (ηi|Uij )(a′ij).
Here ≡ means the equality in the quotient (F∗(OY )/OY ′)(U ′ij) and we have used
(4.15).
Remark 5.8. In [Sr] there is no proof of the trivial log version of (5.7). In particular,
(4.15) is missing in [loc. cit.].
6 Recall on Tsuji’s results on log schemes
In this section we recall Tsuji’s two results on log schemes for later sections. One is
his results on the saturated morphism due to Kato and Tsuji ([Ts2]) and the other is
his log Serre duality ([Ts1]).
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First we recall the definition of the saturated morphism. Let p be a prime number
and let f : P −→ Q be a morphism of integral monoids. Let Q′ be the push-out of
the following diagram of integral monoids:
Qx
P
p×←−−−− P.
The multiplication Q
p×−→ Q induces a natural morphism h : Q′ −→ Q. The morphism
f : P −→ Q is said to be p-quasi-saturated if h is exact. Furthermore, if f : P −→ Q
is integral, then f is said to be p-saturated. If f : P −→ Q is p-saturated for all prime
p’s, then f : P −→ Q is said to be saturated.
Let g : Y −→ Z be a morphism of integral log schemes. The morphism f is said
to be p-saturated (resp. saturated) if the morphism (MZ/O∗Z)◦g(y) −→ (MY /O∗Y )y is
p-saturated (resp. saturated) for any point y ∈
◦
Y .
The following is Tsuji’s result ([Ts2]).
Proposition 6.1 ([Ts2, II (2.11), (2,13), (2.14), (4.2)]). The following hold:
(1) The composite morphism of two saturated morphisms of integral log schemes
is saturated.
(2) The saturated morphisms of integral log schemes are stable under the base
change of integral log schemes.
(3) Let g : Y −→ Z be a morphism of (fine) integral log schemes. Then g is
saturated if and only if the base change Y ′ of Y with respect to a morphism Z ′ −→ Z
from a (fine) saturated log scheme are saturated.
(4) Let g : Y −→ Z be a morphism of fine log schemes in characteristic p > 0.
Then g is p-saturated if and only if g is of Cartier type.
(5) Let g : Y −→ Z be a log smooth integral morphism of fs log schemes. Then g
is saturated if and only if every fiber of
◦
g is reduced.
Let g : Y −→ Z be a morphism of fs log schemes. Secondly let us recall Tsuji’s
ideal sheaf IY/Z of the log structure MY denoted by Ig in [Ts1] for the review of
Tsuji’s log Serre duality.
For a commutative monoid P with unit element, an ideal is, by definition, a subset
I of P such that PI ⊂ I. An ideal p of P is called a prime ideal if P \p is a submonoid
of P ([Kk2, (5.1)]). For a prime ideal p of P , the height ht(p) is the maximal length of
sequence’s p ) p1 ) · · · ) pr of prime ideals of P . Let h : Q −→ P be a morphism of
monoids. A prime ideal p of P is said to be horizontal with respect to h if h(Q) ⊂ P \p
([Ts1, (2.4)]).
Let Y −→ Z be a morphism of fs log schemes. Let h : Q −→ P be a local chart of
g such that P and Q are saturated. Set
I := {a ∈ P | a ∈ p for any horizontal prime ideal of P of height 1 with respect to h}.
Let IY/Z be the ideal sheaf of MY generated by Im(I −→MY ). In [Ts1, (2.6)] Tsuji
has proved that IY/Z is independent of the choice of the local chart h. Let IY/ZOY
be the ideal sheaf of OY generated by the image of IY/Z . For a quasi-coherent sheaf
F of OY -modules, denote (IY/ZOY )F by IY/ZF .
Theorem 6.2 ([Ts1, (2.21)]). Let A be a discrete valuation ring with uniformizer
π. Let Z be an fs log scheme whose underlying scheme is Spec(A/πm) for some m ≥ 1
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and whose log structure is associated to the morphism N ∋ 1 7−→ a ∈ A/πm for some
a ∈ A/πm. Let g : Y −→ Z be a saturated morphism of fs log schemes such that ◦g
is of finite type. Assume that Ω1Y/Z is a locally free OY -modules of constant rank d.
Then g!(OZ) = IY/ZΩdY/Z [d].
Definition 6.3. We say that Y/Z is of vertical type if IY/ZOY = OY .
Example 6.4. If X/s is an SNCL scheme ([Nakk2], [Nakk7]), then X/s is of vertical
type. More generally, assume that X/s has a local chart around any point of
◦
X etale
locally given by the following commutative diagram
⊕b
i=1N
⊕(ai+1) −−−−→ κ[x10, . . . , x1d1 , . . . , xb0, . . . , xbdb ]/(
∏a1
j=0 x1j , . . . ,
∏ab
j=0 xbj)
h
x x
N −−−−→ κ,
where ai ≤ di (1 ≤ i ≤ b), the vertical map h is the diagonal map N ∋ 1 7−→
(1, . . . , 1) ∈ ⊕bi=1N⊕(ai+1) and the horizontal maps are defined by the following
maps
N⊕(ai+1) ∋ (0, . . . , 0,
j
1, 0, . . . , 0) 7−→
xi,j−1 ∈ κ[x10, . . . , x1d1 , . . . , xb0, . . . , xbdb ]/(
a1∏
j=0
x1j , . . . ,
ab∏
j=0
xbj)
and N ∋ 1 7−→ 0 ∈ κ and ai ≤ di (i = 1, . . . , b). Because there does not exist a
horizontal prime ideal of
⊕b
i=1 N
⊕(ai+1) of height 1 with respect to h, IX/s = MX .
Hence IX/sOX = OX .
7 Applications of log deformation theory with rel-
ative Frobenius morphisms
In this section we give another short proof of Kato’s theorem on the E1-degeneration
of log Hodge de Rham spectral sequences ([Kk1]) by following the method of Srinivas
([Sr]). We also give the log versions of vanishing theorems of Kodaira-Akizuki-Nakano
in characteristic p and 0 following the method of Raynaud ([DI]).
In [Sr, p. 104–105] Srinivas has given another short proof of the E1-degeneration
of Hodge de Rham spectral sequence due to Deligne and Illusie ([DI]) by using the
deformation theory in [NoS]. (Strictly speaking, he has proved this only in the case
where the base scheme is the spectrum of a perfect field of characteristic p > 0.)
By using the theory in §5 and his idea, we can also give another short proof of the
degeneration at E1 of the log Hodge de Rham spectral sequence due to Kato in [Kk1,
(4.12) (1)] in the case where there exists a lift of the Frobenius endomorphism of the
base log scheme:
Theorem 7.1 (A special case of [Kk1, (4.12) (2)]). Let the notations and the
assumptions be as in (5.6). Assume that
◦
S is flat over Spec(Z/p2). Set S0 := S
mod p. Let Y be a log smooth scheme of Cartier type over S0. Let F : Y −→ Y ′ be
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the relative Frobenius morphism over S. If Y ′ has a log smooth integral lift Z over a
fine log scheme S, then there exists an isomorphism
⊕
i<p
ΩiY ′/S0 [−i]
∼−→ τ<pF∗(Ω•Y/S0)(7.1.1)
in the derived category D+(Y ′zar) of bounded above complexes of OY ′-modules.
Proof. By (3.2.1) we have the following exact sequence
Ext1Y ′(Ω
1
Y ′/S0
, F∗(OY )) −→ Ext1Y ′(Ω1Y ′/S0 , F∗(BΩ1Y/S0))
∂−→ Ext2Y ′(Ω1Y ′/S0 ,OY ′).
(7.1.2)
By (5.2) (3) and the assumption, there exists the extension class of the following exact
sequence
0 −→ F∗(OY ) −→ V −→ Ω1Y ′/S0 −→ 0
whose image in Ext1Y ′(Ω
1
Y ′/S0
, F∗(BΩ
1
Y/S0
)) is equal to obs(Y,F )/(S0⊂S,FS). By (5.7)
this exact sequence fits into the following commutative diagram:
(7.1.3)
0 −−−−→ F∗(OY ) −−−−→ V −−−−→ Ω1Y ′/S0 −−−−→ 0
F∗(d)
y y ∥∥∥
0 −−−−→ F∗(BΩ1Y/S0) −−−−→ F∗(ZΩ1Y/S0)
C−−−−→ Ω1Y ′/S0 −−−−→ 0.
Set C1 := (F∗(OY ) −→ V). This is quasi-isomorphic to Ω1Y ′/S0 [−1]. The diagram
(7.1.3) induces the following morphism
(7.1.4)
0 −−−−→ F∗(OY ) −−−−→ V −−−−→ 0 −−−−→ · · ·∥∥∥ y y
0 −−−−→ F∗(OY ) F∗(d)−−−−→ F∗(Ω1Y/S0)
F∗(d)−−−−→ F∗(Ω2Y/S0) −−−−→ · · ·
of complexes since F∗(ZΩ
1
Y/S0
) ⊂ F∗(Ω1Y/S0). We denote this morphism by ϕ1 : C1 −→
F∗(Ω
•
Y/S0
). Because the following diagram
(7.1.5)
H1(C1) H
1(ϕ1)−−−−−→ H1(F∗(Ω•Y/S0))∥∥∥ ≃xC−1
Ω1Y ′/S0 Ω
1
Y ′/S0
is commutative, H1(ϕ1) is an isomorphism. Let ϕ1 be the following morphism in the
derived category D(X ′):
ϕ1 : Ω1Y ′/S0 [−1]
∼←− C1 ϕ1−→ F∗(Ω•Y/S0).
Then H1(ϕ1) = C−1 : Ω1Y ′/S0
∼−→ H1(F∗(Ω•Y/S0)).
The rest of the proof is the same as that in the first step of the proof of [DI, (2.1)].
For the completeness of this article, we recall it here.
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Let ϕ0 : OY ′ −→ F∗(Ω•Y/S0) be the following composite morphism
OY ′ C
−1
−→ H0(F∗(Ω•Y/S0))
⊂−→ F∗(Ω•Y/S0).
Let i be a positive integer less than p. Consider the following splitting
ΩiY ′/S0 −→ (Ω1Y ′/S0)⊗i
of a natural surjection (Ω1Y ′/S0)
⊗i −→ ΩiY ′/S0 defined by the morphism
ω1 ∧ · · · ∧ ωi 7−→ (i!)−1
∑
σ∈Si
sgn(σ)ωσ(1) ⊗ · · · ⊗ ωσ(i)
as in [DI, p. 251]. Then we have the following composite morphism
ϕi : ΩiY ′/S0 [−i] −→ (Ω1Y ′/S0)⊗i[−i]
(ϕ1)⊗i−→ (F∗(Ω•Y/S0))⊗i
product−→ F∗(Ω•Y/S0).
By the multiplicative property of C−1, Hi(ϕi) is equal to the Cartier isomorphism
C−1 : ΩiY ′/S0
∼−→ Hi(F∗(Ω•Y/S0)). Hence
∑p−1
i=0 ϕ
i is the desired isomorphism (7.1.1).
Remark 7.2. (1) For i < p, as in [Sr, p. 104–105], we can construct two explicit
morphisms
ΩiY ′/S0 [−i]←− Ci −→ τ<pF∗(Ω•Y/S0).
of complexes such that the following two morphisms
p−1⊕
i=0
ΩiY ′/S0 [−i]←−
p−1⊕
i=0
Ci−→τ<pF∗(Ω•Y/S0).(7.2.1)
are quasi-isomorphisms, though the complex Ci (i 6= 1) is unnecessary for the proof
of (7.1).
(2) Assume that there exists a lift Y˜ /S of Y/S0. Then, by (5.2) (4), we can take
the element obsY˜ /S(F ) as an element in Ext
1
Y ′(Ω
1
Y ′/S0
, F∗(OY )) in the proof of (7.1).
(In [Sr] this has not been mentioned.)
Corollary 7.3 (A special case of [Kk1, (4.12) (1)]). Let the notations and the
assumptions be as in (7.1). Then the following hold:
(1) Let f : Y −→ S0 and f ′ : Y ′ −→ S0 be the structural morphisms. Then there
exists the following decomposition
Rqf∗(Ω
•
Y/S0
) =
⊕
i+j=q
Rjf ′∗(Ω
i
Y ′/S0
)(7.3.1)
for q < p. Moreover, if Y/S0 is proper, then E
ij
1 = E
ij
∞ for i + j < p, where E
ij
⋆
(⋆ = 1,∞) is the Eij⋆ -term of the following spectral sequence
Eij1 = R
jf∗(Ω
i
Y/S0
) =⇒ Ri+jf∗(Ω•Y/S0).(7.3.2)
Furthermore, in this case, Rqf∗(Ω
•
Y/S0
) (0 ≤ q < p) is locally free and commutes with
any base change of fine log schemes.
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(2) Assume that the structural morphism
◦
Y −→
◦
S of schemes is flat, that dim(
◦
Y /
◦
S) ≤
p, that F∗(OY ) is a locally free OY ′-modules (of finite rank) and that
Hp+1(Y ′,HomOY ′ (ΩpY ′/S ,OY ′)) = 0.
Then there exists a decomposition
⊕
i≤p
ΩiY ′/S0 [−i]
∼−→ F∗(Ω•Y/S0)(7.3.3)
in the derived category D+(Yzar). Consequently there exists a decomposition
Rqf∗(Ω
•
Y/S0
) =
⊕
i+j=q
Rjf ′∗(Ω
i
Y ′/S0
) (q ∈ Z)(7.3.4)
and the following spectral sequence
Eij1 = R
jf∗(Ω
i
Y/S0
) =⇒ Ri+jf∗(Ω•Y/S0)(7.3.5)
degenerates at E1. Furthermore, R
qf∗(Ω
•
Y/S0
) (0 ≤ q ≤ p) is locally free and com-
mutes with any base change of fine log schemes.
Proof. (1): This immediately follows from (7.1.1) and the log version of the argument
of [DI, (4.1.2), (4.1.4)].
(2) (The proof is the same as that of [DI, (2.3)].) In the case dim(
◦
Y /
◦
S) < p,
(7.3.3) follows from (7.1.1). Consider the case dim(
◦
Y /
◦
S) = p. We may assume that
◦
Y is connected. Then the wedge product
ΩiY/S0 × Ωp−iY/S0 −→ Ω
p
Y/S0
is a perfect pairing. Because F∗(OY ) is a locally free OY ′ -modules, we can check that
F∗(Ω
i
Y/S0
)× F∗(Ωp−iY/S0) −→ F∗(Ω
p
Y/S0
)
proj−→ Hp(F∗(Ω•Y/S0))
C, ≃−→ ΩpY ′/S0
is also a perfect pairing of locally free OY ′ -modules of finite rank. The rest of the
proof of (7.3.3) is completely the same as that of [DI, (2.3), (3.7)].
Now (7.3.4) follows from the equality Rqf ′∗(F∗(Ω
•
Y/S0
)) = Rqf∗(Ω
•
Y/S0
) (since
◦
F
is finite).
The following has not been stated in literatures:
Corollary 7.4. Let the notations be as in (7.3) (1). Assume that S0 is the log point
s of a perfect field of characteristic p > 0 and that Y/s is of vertical type. Assume
that
◦
Y is of pure dimension d. Then Eij1 = E
ij
∞ for i + j > 2d− p.
Proof. The equality in the statement follows from (7.3) (1) and Tsuji’s duality for log
de Rham cohomologies and his log Serre duality ((6.2)).
Remark 7.5. (1) In (7.4) it is not necessary to assume that Γ(s,Os) is perfect. In
fact, one has only to take the perfection of Γ(s,Os).
(2) Let K be a field of characteristic 0. Let T be an fs log scheme whose underlying
scheme is Spec(K). Let g : Z −→ T be a proper log smooth integral morphism of fs
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log schemes. Assume that g is saturated. Then, in [IKN, p. 37], by using [Kk1, (4.12)
(1)], Illusie, Kato and Nakayama have proved that the following spectral sequence
Eij1 = R
jg∗(Ω
i
Z/T ) =⇒ Ri+jg∗(Ω•Z/T )(7.5.1)
degenerates at E1.
More strongly, in [IKN, (7.2)], they have proved the E1-degeneration of (7.5.1) if
g is proper log smooth and exact. They have also proved that Eij1 is locally free if
any stalk of MY /O∗Y is a free monoid. See also [Nakk4, (9.15)] and [I4] for the log
Hodge symmetry.
We also obtain the following corollary, which is the log version of Raynaud’s result
([DI, (2.8)]):
Corollary 7.6 (The log version of the vanishing theorem of Kodaira-Ak-
izuki-Nakano in characteristic p). Let κ be a perfect field of characteristic p > 0.
Let s be the log point of κ or (Spec(κ), κ∗). Let Y −→ s be a projective log smooth
morphism of Cartier type of fs log schemes which has a log smooth integral lift over
W2(s). Let IY/s be Tsuji’s ideal sheaf of MY . Let L be an ample invertible sheaf on
◦
Y . Then the following hold:
(1) Hj(Y,ΩiY/s ⊗ L−1) = 0 for i+ j < min{d, p}.
(2) Hj(Y, IY/sΩiY/s ⊗ L) = 0 for i+ j > max{d, 2d− p}.
Proof. (1): The proof is completely the same as that of [DI, (2.8), (2.9)] by using
Tsuji’s log Serre duality (6.2).
Indeed, set F(m) := F⊗OY L⊗m (m ∈ Z) for a coherent OY -module F andM :=
L−1 and b := min{d, p}. If m is large enough, then Hq(Y, IY/sΩd−iY/s(m)) = 0 for any
i and any q > 0 by Serre’s theorem [EGA III-1, (2.2.1)]. By Tsuji’s log Serre duality,
Hj(Y,ΩiY/s(−m)) = 0 for any i ∈ N and j < d. In particular, Hj(Y,ΩiY/s(−m)) = 0
for any i+j < d (i, j ∈ N) and hence Hj(Y,ΩiY/s(−m)) = 0 for any i+j < b (i, j ∈ N).
Assume that Hj(Y,ΩiY/s(−pn)) = 0 for all i + j < b and a positive integer n. Then
we claim that Hj(Y,ΩiY/s(−pn−1)) = 0. Indeed, let W : Y ′ −→ Y be the projection.
Because the differential d : F∗(Ω
i
Y/s) −→ F∗(Ωi+1Y/s) is OY ′-linear, we can consider the
complex W ∗(M⊗pn−1)⊗OY ′ F∗(Ω•Y/s). Take the tensorization with W ∗(M⊗p
n−1
) for
the isomorphism
⊕
i<b Ω
i
Y ′/s[−i]
∼−→ F∗(Ω•Y/s) in D+(Y ′zar):
(7.6.1)
⊕
i<bW
∗(M⊗pn−1)⊗LOY ′ ΩiY ′/s[−i]
∼−−−−→ W ∗(M⊗pn−1)⊗LOY ′ F∗(Ω•Y/s)∥∥∥ ∥∥∥⊕
i<bW
∗(M⊗pn−1)⊗OY ′ ΩiY ′/s[−i] W ∗(M⊗p
n−1
)⊗OY ′ F∗(Ω•Y/s).
(Note that W ∗(M⊗pn−1) is a flat OY ′ -module.) We have the following spectral se-
quence:
Eij1 = H
j(Y ′,W ∗(M⊗pn−1)⊗OY ′ F∗(ΩiY/s)) =⇒ Hi+j(Y ′,W ∗(M⊗p
n−1
)⊗OY ′ F∗(Ω•Y/s)).
By the projection formula and the assumption, Eij1 = R
jf ′∗F∗(F
∗W ∗(M⊗pn−1)⊗OY
ΩiY/s) = H
j(Y,M⊗pn⊗OY ΩiY/s) = Hj(Y,ΩiY/s(−pn)) = 0. HenceHi+j(Y ′,W ∗(M⊗p
n−1
)⊗OY ′
F∗(Ω
•
Y/s)) = 0 for i+ j < b. By (7.6.1), H
j(Y ′,W ∗(M⊗pn−1)⊗OY ′ ΩiY ′/s) = 0. Since
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Y/s is integral and
◦
s is perfect,
◦
Y ′ = ‘
◦
Y ≃
◦
Y and ΩiY ′/s = Ω
i
‘Y/s[p]
≃ ΩiY/s. Hence
Hj(Y,ΩiY/s(−pn−1)) = Hj(Y ′,W ∗(M⊗p
n−1
)⊗OY ′ ΩiY ′/s) = 0.
(2): (2) follows from (1) and Tsuji’s log Serre duality.
The following is a generalization of Norimatsu’s vanishing theorem ([No, Theorem
1]). The following vanishing theorem is not a special case of Ambro-Fujino’s vanishing
theorem ([A, Theorem 3.2], [F4, Theorem 5.7]) and Fujino’s vanishing theorem [F2,
Theorem 1.1].
Corollary 7.7 (A log version of vanishing theorem of Kodaira-Akizuki–
Nakano in characteristic 0). Let K, T and Z be as in (7.5) (2). Assume that the
log structure of T is associated to a morphism N ∋ 1 7−→ a ∈ K for some a ∈ K.
Assume also that
◦
Z is projective over K. Let L be an ample invertible sheaf on
◦
Z.
Then the following hold:
(1) Hj(Z,ΩiZ/T ⊗ L−1) = 0 for i+ j < d.
(2) Hj(Z, IZ/TΩiZ/T ⊗ L) = 0 for i+ j > d.
Proof. The proof is the same as that of [IKN, (7.2.1)] by using Kato-Tsuji’s result
(6.1).
Definition 7.8. (1) Let S0 be a family of log points ([Nakk7]) and let X/S0 be an
SNCL scheme ([loc. cit.]). Let AS0(a, d+e) (a ≤ d) be a log scheme whose underlying
scheme is Spec
S0
(OS0 [x0, . . . , xd, y1, . . . , ye]/(x0 · · ·xa)) and whose log structure is as-
sociated to the morphismN⊕a+1 ∋ ei 7−→ xi−1 ∈ OS0 [x0, . . . , xd, y1, . . . , ye]/(x0 · · ·xa).
Let
◦
D be an effective Cartier divisor on
◦
X/
◦
S0. Endow
◦
D with the inverse im-
age of the log structure of X and let D be the resulting log scheme. We call D a
relative simple normal crossing divisor (=:relative SNCD) on X/S0 if there exists a
family ∆ := {
◦
Dλ}λ∈Λ of non-zero effective Cartier divisors on X/S0 of locally finite
intersection which are SNC(=simple normal crossing) schemes over S0 ([Nakk7]) such
that
(7.8.1)
◦
D =
∑
λ∈Λ
◦
Dλ in Div(
◦
X/S0)≥0
and, for any point z of
◦
D, there exist a Zariski open neighborhood
◦
V of z in
◦
X and
the following cartesian diagram
(7.8.2)
D|V −−−−→ (y1 · · · yb = 0)
⋂y y
V
g−−−−→ AT0(a, d+ e)y y
T0 T0
for some positive integers a, b, d and e such that a ≤ d and b ≤ e. Here T0 is an open
log subscheme of S0 whose log structure is associated to the morphism N ∋ 1 7−→
0 ∈ OT0 , (y1 · · · yb = 0) is an exact closed log subscheme of AT0(a, d + e) defined
by an ideal sheaf (y1 · · · yb), g is strictly e´tale and AT0(a, d + e) −→ T0 is obtained
by the diagonal embedding N
⊂−→ N⊕a+1. Endow
◦
Dλ with the inverse image of the
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log structure of X and let Dλ be the resulting log scheme. We call Dλ an SNCL
component of D and the equality (7.8.1) a decomposition of D by SNCL components
of D.
(2) Let the notations be as in (1). Let E be another SNCD on X/S0. Let D ∪ E
be a log scheme whose underlying scheme is
◦
D ∪
◦
E and whose log structure is the
inverse image of the log structure of X . Then we say that D ∪ E is an SNCD on
X/S0 if, in the diagram (7.8.2) for any point z ∈
◦
D ∪
◦
E, (D ∪ E)|V = (y1 · · · yc = 0)
for some b ≤ c ≤ e. In this case, we denote D ∪ E by D + E.
The following construction ofM(D) is the log version of the construction in [NaS,
p. 61].
Let DivD(
◦
X/
◦
S0)≥0 be a submonoid of Div(
◦
X/
◦
S0)≥0 consisting of effective Cartier
divisors E’s on
◦
X/
◦
S0 such that there exists an open coveringX =
⋃
i∈I Vi (depending
on E) of X such that E|Vi is contained in the submonoid of Div(
◦
V i/
◦
S0)≥0 generated
by
◦
Dλ| ◦
V i
(λ ∈ Λ). By [NaS, A.0.1] the definition of Div ◦
D
(
◦
X/
◦
S0)≥0 is independent
of the choice of ∆. (We have only to set S := Spec ◦
T 0
(O◦
T 0
[x0, . . . , xd]/(x0 · · ·xa)) in
[loc. cit.] and to consider the projection X ◦
T 0
× ◦
T0
S −→ X ◦
T 0
.)
The pair (X,D) gives the following fs log structure M(D) in the zariski topos
◦
Xzar as in [NaS, p. 61].
Let M(D)′ be a presheaf of monoids in
◦
Xzar defined as follows: for an open
subscheme
◦
V of
◦
X,
Γ(
◦
V ,M(D)′) := {(E, a) ∈Div ◦
D|◦
V
(
◦
V /
◦
S0)≥0 × Γ(
◦
V ,OX)| a is a generator of Γ(
◦
V ,O ◦
X
(−E))}
with a monoid structure defined by an equation (E, a) · (E′, a′) := (E + E′, aa′).
The natural morphism M(D)′ −→ OX defined by the second projection (E, a) 7→ a
induces a morphism M(D)′ −→ (OX , ∗) of presheaves of monoids in Xzar. The log
structure M(D) is, by definition, the associated log structure to the sheafification of
M(D)′. Because DivD|V (V/S0)≥0 is independent of the choice of the decomposition of
D|V by smooth components, M(D) is independent of the choice of the decomposition
of D by SNCL components of D.
Proposition 7.9. Let the notations be as above. Let z be a point of D and let V
be an open neighborhood of z in X which admits the diagram (7.8.2). Assume that
z ∈ ⋂bi=1{yi = 0}. If V is small, then the log structureM(D)|V −→ OV is isomorphic
to O∗V yN1 · · · yNs ⊂−→ OV . Consequently M(D)|V is associated to the homomorphism
NsV ∋ ei 7−→ yi ∈ M(D)|V (1 ≤ i ≤ s) of sheaves of monoids on V , where {ei}bi=1 is
the canonical basis of Nb. In particular, M(D) is fs.
Proof. We claim that, by shrinking V in (7.8.2), for any 1 ≤ i ≤ b, there exists a
unique element λi ∈ Λ satisfying
◦
Dλi | ◦
V
= div(yi) in Div(
◦
V /
◦
S0)≥0.(7.9.1)
This follows from [NaS, Proposition A. 0.1] by setting S := (AT0(a, d))
◦, X :=
◦
V and
D :=
◦
D in [loc. cit]. The rest of the proof is the same as that of [NaS, (2.1.9)].
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Set
X(D) := (X,MX ⊕O∗X M(D) −→ OX).
Then X(D)/S0 is log smooth, integral and saturated by (6.1) (4).
Remark 7.10. As in the classical case, we can consider the log de Rham com-
plex Ω•X/S0(logD) with logarithmic poles along D. It is clear that the complex
Ω•X/S0(logD) is equal to the log de Rham complex Ω
•
X(D)/S0
. Set ΩiX/S0(logD)(−D) :=
O ◦
X
(−
◦
D)⊗OXΩiX/S0(logD) (i ∈ N). It is easy to check that the family {ΩiX/S0(logD)(−D)}i∈N
gives a complex Ω•X/S0(logD)(−D): dΩiX/S0(logD)(−D) ⊂ Ωi+1X/S0(logD)(−D).
Set
D{λ1,λ2,...λk} := Dλ1 ∩Dλ2 ∩ · · · ∩Dλk (λi 6= λj if i 6= j)
for a positive integer k, and set
D(k) =


X (k = 0),∐
{λ1,...,λk | λi 6=λj (i6=j)}
D{λ1,λ2,...,λk} (k ≥ 1)
for a nonnegative integer k.
Proposition 7.11. D(k) is independent of the choice of the decomposition of D by
smooth components of D.
Proof. The proof is the same as those of [NaS, (2.2.14), (2.2.15)].
The following is the log version of a generalization of [DI, (2.12)].
Corollary 7.12. Let X be a projective SNCL scheme over the log point s of a perfect
field of characteristic p > 0. Let D be a (relative) SNCD on X/s. Let E be a
(relative) SNCD on X/s such that D+E is also a (relative) SNCD on X/s. Assume
that O ◦
X
(
◦
E) is an ample invertible sheaf. Assume that X(D)/s and E(D ∩ E)/s lift
to W2(s). For simplicity of notation, denote E(D ∩ E) and E(k)(D ∩E(k)) by E(D)
and E(k)(D), respectively. Let a : E(1)(D) −→ E(2)(D) be the natural morphism. Set
K(E(D))• := Ker(Ω•
E(1)(D)/s
−→ a∗(Ω•E(2)(D)/s)). Then the following hold:
(1) The restriction morphism
HqdR(X(D)/s) −→ Hq(E(1),K(E(D))•)
is an isomorphism for q < min{d, p} − 1 and injective for q = min{d, p} − 1.
(2) The restriction morphism
Hj(X(D),ΩiX(D)/s) −→ Hj(E(1),K(E(D))i)
is an isomorphism for i+ j < min{d, p} − 1 and injective for i+ j = min{d, p} − 1.
Proof. (1): (The following proof includes a correction of the proof of [DI, (2.12)] (see
(7.13) below).) As in [DI, (4.2.2) (c)], the following sequence
0 −→ Ω•X(D+E)/s(−E) −→ Ω•X(D)/s −→ Ω•E(1)(D)/s −→ Ω•E(2)(D)/s −→ · · ·
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is exact. Hence we have the following exact sequence
0 −→ Ω•X(D+E)/s(−E) −→ Ω•X(D)/s −→ K(E(D))• −→ 0.
It suffices to prove that Hq(X,Ω•X(D+E)/s(−E)) = 0 for q < min{d, p}. By the
following spectral sequence
Eij1 = H
j(X,ΩiX(D+E)/s(−E)) =⇒ Hi+j(X,Ω•X(D+E)/s(−E)),(7.12.1)
it suffices to prove that Hj(X,ΩiX(D+E)/s(−E)) = 0 for i + j < min{d, p}. This is a
special case of (7.6) (1).
(2) As in the proof of (1), it suffices to prove that Hj(X,ΩiX(D+E)/s(−E)) = 0
for i+ j < min{d, p}. We have already proved this in the proof of (1).
Remark 7.13. (cf. the proof of [No, Theorem 1]) (1) Let the notations be as in [DI,
(2.12)]. There is an elementary error in the proof of [loc. cit.] because there does not
exist complexes Ω•X(−D) and Ω•D(−D) in [loc. cit.]. Consequently we do not have an
exact sequence
0 −→ Ω•X(−D) −→ Ω•X(logD)(−D) −→ Ω•−1D (−D) −→ 0.(7.13.1)
of complexes in [loc. cit.].
The correction of the proof is easy. We have only to use the following spectral
sequence (7.13.2) and the following exact sequence (7.13.3) and the following vanishing
(7.13.4) (which follows from [DI, (2.8)]):
Eij1 = H
j(X,ΩiX/κ(logD)(−D))) =⇒ Hi+j(X,Ω•X/κ(logD)(−D)),(7.13.2)
0 −→ ΩiX/κ(−D) −→ ΩiX/κ(logD)(−D)
Res⊗idOX (−D)−→ Ωi−1D/κ(−D|D) −→ 0.(7.13.3)
Hj(X,ΩiX/κ(−D)) = 0 = Hj(D,Ωi−1D/κ(−D|D)) = 0 for i+ j < min{d, p}.
(7.13.4)
(2) As in the proof of (7.12), to prove [DI, (2.8)], one can also use theory for log
de Rham complex in [DI, 4.2].
The following is a generalization of Norimatsu’s results [No, Theorem 2, Corollary].
Corollary 7.14. Let the notations be as in (7.7). Assume that a in (7.7) is equal
to 0 and denote T by s. Let Z/s be a projective SNCL scheme. Let D and E be
SNCD’s on Z/s such that D + E is also an SNCD on Z/s. Assume that O◦
Z
(
◦
E) is
an ample invertible sheaf. Let a : E(1)(D) −→ E(2)(D) be the natural morphism. Let
K(E(D))• := Ker(Ω•
E(1)(D)/s
−→ a∗(Ω•E(2)(D)/s)) be a complex defined similarly as in
(7.12). Then the following hold:
(1) The restriction morphism
HqdR(Z(D)/s) −→ Hq(E(1),K(E(D))•)
is an isomorphism for q < d− 1 and injective for q = d− 1.
(2) The restriction morphism
Hj(Z(D),ΩiZ(D)/s) −→ Hj(E(1),K(E(D))i)
is an isomorphism for i+ j < d− 1 and injective for i+ j = d− 1.
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Proof. The proof is an analogue of the proof of [IKN, (7.2.1)].
Corollary 7.15 (Log weak Lefschetz theorem in characteristic 0). Let the
notations be as in (7.14). Assume that D = ∅ and E(2) = ∅. Then the following hold:
(1) The following pull-back morphism by the inclusion ι : E
⊂−→ Z
ι∗ : HqdR(Z/s) −→ HqdR(E/s)
is an isomorphism for q < d− 1 and injective for q = d− 1.
(2) Assume furthermore that K = C. Let Z log be the Kato-Nakayama space of Z
with natural morphism Z −→ S1 ([KtN, (1.2)]). Let R ∋ x 7−→ exp(2π√−1x) ∈ S1
be the universal cover of S1 and set Z∞ := Z
log ×S1 R ([Us]). The following pull-back
morphism by the inclusion ι : E
⊂−→ Z
ι∗ : Hq(Z∞,Q) −→ Hq(E∞,Q)
is an isomorphism of mixed Hodge structures for q < d − 1 and a strictly injective
morphism of mixed Hodge structures for q = d− 1.
Proof. (1): (1) is a special case of (7.14).
(2): By [FN] the morphism ι∗ is a morphism of mixed Hodge structures. Hence
(2) follows (1) and theory of mixed Hodge structures in [D2].
Remark 7.16. (1) In [Nakk4, (9.14)] we have proved the log hard Lefschetz theorem
over C. The result is as follows.
Assume that
◦
s = Spec(C). Let Z/s be a projective SNCL variety. Let λ∞ :=
c1,∞(L) ∈ H2(Z∞,Q) be the log cohomology class of an ample invertible sheaf L on
◦
Z. Then the left cup product of λj∞ (j ≥ 0)
(7.16.1) λj∞ : H
d−j(Z∞,Q) −→ Hd+j(Z∞,Q)(j)
is an isomorphism of mixed Hodge structures. We have proved this theorem by using
a result of M. Saito ([Sa, (4.2.2)]). Let
(7.16.2) δE : H
0
dR(E/s) −→ H2dR(X/s)(1).
be the morphism defined in [Nakk4, (10.1.2)]. This morphism induces the following
morphism
(7.16.3) ι∗ : H
q
dR(E/s) −→ Hq+2dR (X/s)(1).
By [Nakk4, (10.1.3)], the composite morphism
(7.16.4) −ι∗ι∗ : HqdR(X/s) −→ HqdR(E/s) −→ Hq+2dR (X/s)(1).
is the cup product with λ∞ ∪ (?). Hence we obtain (7.15) (2) and (1) by the hard
Lefschetz theorem above as in [KM, II Corollary].
(2) We would like to lay emphasis on the algebraic nature of the proof of (7.15)
as in [DI].
Let us go back to the case ch(κ) = p > 0. Let E be an SNCD on X/s such that
E(2) = ∅. Let q be a nonnegative integer. For a proper log smooth scheme Y/s, let
Hqcrys(X/W(s)) be the log crystalline cohomology of X/W(s) ([Kk1]). By the works
in [Mo], [Nakk3] and [Nakk7], Hqcrys(X/W(s)) and Hqcrys(E/W(s)) have the weight
55
filtrations P ’s. Set K0 := Frac(W). For a module M overW , set MK0 :=M ⊗W K0.
Let ι : E
⊂−→ X be the closed immersion. By a general theorem about the strict
compatibility of the pull-back of a morphism of proper SNCL schemes in [Nakk7,
(5.4.7)] (see (7.19) below for the statement), the pull-back of ι
ι∗crys : H
q
crys(X/W(s))K0 −→ Hqcrys(E/W(s))K0 (q ∈ Z)(7.16.5)
is a strict filtered morphism with respect to the P ’s.
As to the log weak Lefschetz conjecture (1.9) we prove the following stimulated
by the work of Berthelot ([B1]) in this article:
Theorem 7.17 (Log weak Lefschetz theorem in log crystalline cohomolo-
gies). Let the notations be as in (7.12). Assume that E(2) = ∅. Let ι : E(D) ⊂−→
X(D) be the closed immersion. Then the following hold:
(1) The pull-back
ι∗crys : H
q
crys(X(D)/W(s)) −→ Hqcrys(E(D)/W(s)) (q ∈ Z)(7.17.1)
is an isomorphism if q < min{d, p}−1 and injective for q = min{d, p}−1 with torsion
free cokernel.
(2) Assume that D = ∅. Then the morphism (7.17.1) modulo torsion is a filtered
isomorphism for q < min{d, p} − 1 and strictly injective for q = min{d, p} − 1.
(3) Assume that
◦
E is a hypersurface section of
◦
X with respect to a closed immer-
sion
◦
X
⊂−→ Pnκ into a projective space over κ and that the degree of
◦
E is sufficiently
large. Then the morphism (7.17.1) is an isomorphism for q < d− 1 and injective for
q = d− 1.
(4) Let the assumption be as in (3). Assume that D = ∅. Then the morphism
(7.17.1) modulo torsion is a filtered isomorphism for q < d − 1 and strictly injective
for q = d− 1.
Proof. The proof of (3) is slightly simpler than that in [B1]; the proof of (3) corrects
the proof in [B1].
(1): Set m := min{d, p} − 1. Let K• be the mapping cone of the following
morphism
ι∗crys : RΓcrys(X(D)/W(s)) −→ RΓcrys(E(D)/W(s))).
Then it suffices to prove that Hq(K•) = 0 for q < m and that Hm(K•) has no
nontrivial torsion. By the universal coefficient theorem
0 −→ Hq(K•)⊗W κ −→ Hq(K• ⊗LW κ) −→ TorW1 (Hq+1(K•), κ) −→ 0,
it suffices to prove that Hq(K• ⊗LW κ) = 0 for q < m. However K• ⊗LW κ is the
mapping cone of the following morphism
ι∗crys : RΓdR(X(D)/κ) −→ RΓdR(E(D)/κ)
since RΓ((X(D)/W(s))crys)⊗LWκ = RΓdR(X(D)/κ) and RΓcrys(E(D)/W(s))⊗LWκ =
RΓdR(E(D)/κ) by the log base change theorem of K. Kato ([Kk1, (6.10)]). Hence (1)
follows from the following exact sequence
· · · −→ HqdR(X(D)/κ)
ι∗crys−→ HqdR(E(D)/κ) −→ HqdR(K• ⊗LW κ) −→ · · ·
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and (7.12) (1).
(2): (2) follows from (1) and (7.19) below.
(3): Set e := deg
◦
E. Since Ker(Ω•X/s −→ Ω•E/s) = Ω•X/s(logE)(−E), it suffices to
prove that Hq(X,Ω•X/s(logE)(−E)) = 0 for q < d by the proof of (1). Let i and j be
nonnegative integers. By (7.12.1) it suffices to prove that Hj(X,ΩiX/s(logE)(−E)) =
0 for i+ j < d. By the following sequence
0 −→ ΩiX/s(−E) −→ ΩiX/s(logE)(−E) Res−→ Ωi−1E/s(−E) −→ 0,
it suffices to prove that Hj(X,ΩiX/s(−E)) = 0 for i+j < d andHj(E,ΩiE/s(−E)) = 0
for i + j < d − 1. By Serre’s theorem [EGA III-1, (2.2.1)], Hd−j(X,Ωd−iX/s(E)) = 0
for i + j < d if e is large enough. Hence Hj(X,ΩiX/s(−E)) = 0 for i + j < d by
the log Serre duality of Tsuji. The rest is to prove that Hj(E,ΩiE/s(−E)) = 0 for
i+j < d−1 if e is large enough. Though this is the dual ofHd−1−j(E,Ωd−1−iE/s (E)) = 0
for i+ j < d− 1, the vanishing of this cohomology is nontrivial since Ωd−1−iE/s depends
on E/s.
Set J := OX(−E). Because E/s is log smooth, the following second fundamental
exact sequence in [NaS, (2.1.3)]
J /J 2 −→ Ω1X/s ⊗OX OE −→ Ω1E/s −→ 0
becomes the following exact sequence
0 −→ (J /J 2) −→ Ω1X/s ⊗OX OE −→ Ω1E/s −→ 0.
Because J /J 2 = OE(−E), this sequence is equal to the following exact sequence
0 −→ OE(−E) −→ Ω1X/s ⊗OX OE −→ Ω1E/s −→ 0.
Hence we have the following exact sequences
0 −→ Ωi−1X/s ⊗OX OE(−E) −→ ΩiX/s ⊗OX OE −→ ΩiE/s −→ 0.
and
0 −→ Ωi−1X/s ⊗OX OE(−2E) −→ ΩiX/s ⊗OX OE(−E) −→ ΩiE/s(−E) −→ 0.
Hence we have the following exact sequence
· · · −→ Hj(E,Ωi−1X/s ⊗OX OE(−2E)) −→ Hj(E,ΩiX/s ⊗OX OE(−E)) −→ Hj(E,ΩiE/s(−E)) −→ · · · .
Thus it suffices to prove that Hj(E,ΩiX/s ⊗OX OE(−mE)) = 0 for i + j < d − 1 for
m ∈ Z≥1. By the following exact sequence
0 −→ ΩiX/s(−(m+ 1)E) −→ ΩiX/s(−mE) −→ ΩiX/s ⊗OX OE(−mE) −→ 0,
(7.17.2)
it suffices to prove that
Hj(X,ΩiX/s(−mE)) = 0 = Hj+1(X,ΩiX/s(−(m+ 1)E)).
BecauseHj(X,ΩiX/s(−mE)) andHj+1(X,ΩiX/s(−(m+1)E)) are the duals ofHd−j(X,Ωd−iX/s(mE))
and Hd−j−1(X,Ωd−iX/s(mE)) by the log Serre duality of Tsuji, the vanishing of the lat-
ter cohomologies follows from Serre’s theorem if e is large enough.
(4): (4) follows from (3) and (7.19) below.
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Remark 7.18. (1) Let the notations be as in [B1]. There is a gap in the proof of
≪the´ore`me de Lefschetz faible≫ in [loc. cit.] because the sheaf ΩjY/k in [loc. cit.]
depends on Y : it is not clear that Hq(Y,ΩjY/k(Y )) = 0 for q > 0 even if the degree
of Y is large enough. Strictly speaking, the proof of the weak and the hard Lefschetz
theorems in [KM] for the crystalline cohomology is also incomplete because it depends
on Berthelot’s result.
(2) In the Appendix we give an easy proof of the weak Lefschetz theorem in [KM]
by using a theory of rigid cohomology of Berthelot.
The following theorem is a very special theorem of [Nakk7, (5.4.7)]:
Theorem 7.19. Let s and s′ be log points of perfect fields of characteristic p > 0.
Let
Y
g∗−−−−→ Y ′y y
s −−−−→ s′
be a commutative diagram of proper SNCL schemes. Then the pull-back morphism
g∗crys : H
q
crys(Y
′/W(s′))K0 −→ Hqcrys(Y ′/W(s′))K0
is strictly compatible with P ’s.
8 Quasi-F -split log schemes
In this section we give a generalization of the definition of quasi-F -split varieties due to
the second named author ([Y1]). We give a log Kodaira vanishing theorem for a quasi-
F -split projective log smooth scheme. This log Kodiara vanishing theorem is much
stronger than the log Kodiara vanishing theorem in §7. We also give generalizations
of the lifting theorem of quasi-F -split varieties and the Kodiara vanishing theorem in
[Y1].
The following definition (1) (resp. (2)) is a relative version of the definition due to
the second named author of this article (resp. Mehta and Ramanathan).
Definition 8.1. Let Y −→ T0 be a morphism of schemes of characteristic p > 0.
Let FT0 : T0 −→ T0 be the p-th power Frobenius endomorphism of T0. Set Y ′ :=
Y ×T0,FT0 T0.
(1) (cf. [Y1, (3.1)]) Let F := F ∗n : Wn(OY ′) −→ Fn∗(Wn(OY )) = F∗(Wn(OY ))
be the pull-back of the relative Frobenius morphism Fn : Wn(Y ) −→ Wn(Y ′) of
Wn(Y )/T . (This is a morphism of Wn(OY ′)-modules.) Let n0 be the minimum
of positive integers n’s such that there exists a morphism ρ : F∗(Wn(OY )) −→ OY ′
of Wn(OY ′)-modules such that ρ ◦ F ∗ : Wn(OY ′) −→ OY ′ is the natural projection.
In this case we say that Y is quasi-F -split. If Y/T0 =
◦
X/
◦
S0 for a relative log scheme
X/S0, then we say that X is quasi-F -split by abuse of terminology. (If there does not
exist n, then set n0 := ∞.) Note that Y ′ =
◦
‘X (not necessarily equal to
◦
X ′) in this
case. We call n0 the quasi-F -split height and denote it by hF (Y/T0). If Y/T0 =
◦
X/
◦
S0
for a relative log scheme X/S0 of characteristic p > 0, then we denote hF (Y/T0) by
hF (X/S0) by abuse of notation.
(2) (cf. [MR, Definition 2]) If n0 = 1, then we say that Y/T0 is F -split. If
Y/T0 =
◦
X/
◦
S0 for a relative log scheme X/S0, we say that X/S0 is F -split by abuse
of terminology.
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Remark 8.2. (1) Assume that T0 is perfect. Let F : Wn(OY ) −→ F∗(Wn(OY )) be
the pull-back of the absolute Frobenius endomorphism. Because Y ′
≃−→ Y , hF (Y/T0)
is equal to the minimum of positive integers n’s such that there exists a morphism
ρ : F∗(Wn(OY )) −→ OY of Wn(OY )-modules such that ρ ◦ F : Wn(OY ) −→ OY
is the natural projection. This is the original definition in [Y1, (3.1)] in the case
T0 = Spec(κ).
(2) Let the notations be as in (8.1). If there exists a morphism ρ : Fn∗(Wn(OY )) −→
OY ′ for n ∈ Z≥1 such that ρ ◦ F ∗n : Wn(OY ′) −→ OY ′ is the natural projection,
then, for all m ≥ n, there exists a morphism ρ′ : Fm∗(Wm(OY )) −→ OY ′ such that
ρ′ ◦ F ∗m : Wm(OY ) −→ OY ′ is the natural projection. Indeed, we have only to set
ρ′ := ρ ◦Rn−m, where R : Fl∗(Wl(OY )) −→ Fl−1∗(Wl−1(OY )) (m+ 1 ≤ l ≤ n) is the
projection.
The following easy lemma is necessary for the theorem (8.5) below.
Lemma 8.3. Let q be a nonnegative integer. Let X/S0 be as in (8.1). Assume that
◦
S0 is perfect. Assume that the structural morphism f : X −→ S0 is log smooth. Let
M be an invertible sheaf on
◦
X. Let i and q be fixed nonnegative integers. Let e0 be a
nonnegative integer. Assume that Rqf∗(B1Ω
i
X/S0
⊗OX Mp
e
) = 0 for ∀e ≥ e0. Then
Rqf∗(BnΩ
1
X/S0
⊗OX Mp
e
) = 0 for ∀e ≥ e0 and ∀n ≥ 1.
Proof. Let F : X −→ X be the p-th power Frobenius endomorphism. Consider the
following exact sequence of OX -modules:
0 −→ F∗(Bn−1Ω1X/S0) −→ BnΩ1X/S0
Cn−1−→ B1Ω1X/S0 −→ 0 (n ≥ 1).(8.3.1)
By the projection formula and noting that
◦
F and
◦
FS0 is a finite morphism (note that
◦
FS0 is an isomorphism),
Rqf∗(F∗(Bn−1Ω
1
X/S0
)⊗OX Mp
e
) = Rqf∗F∗(Bn−1Ω
1
X/S0
⊗OX F ∗Mp
e
)(8.3.2)
= Rqf∗F∗(Bn−1Ω
1
X/S0
⊗OX Mp
e+1
)
= FS0∗R
qf∗(Bn−1Ω
1
X/S0
⊗OX Mp
e+1
).
Hence we have the following exact sequence
FS0∗R
qf∗(Bn−1Ω
1
X/S0
⊗OX Mp
e+1
) −→ Rqf∗(BnΩ1X/S0 ⊗OX Mp
e
) −→ Rqf∗(B1Ω1X/S0 ⊗OX Mp
e
).
Induction on n tells us that Rqf∗(BnΩ
1
X/S0
⊗OX Mp
e
) = 0 for ∀e ≥ e0 and ∀n ≥ 1.
This is nothing but the conclusion of (8.3).
The following is a key lemma for (8.5) below.
Lemma 8.4. Let the notations be as in (8.3). Assume that the structural morphism
f :
◦
X −→
◦
S0 is projective. Assume also that hF (X/S0) < ∞. Let L be an invertible
sheaf on X. If Rqf∗(L⊗pe) = 0 and Rqf∗(B1Ω1X/S0 ⊗OX L⊗p
e
) = 0 for ∀e ≥ e0 for a
fixed positive integer e0 ≥ 1 and ∀q ∈ N, then Rqf∗(L) = 0 and Rqf∗(BnΩ1X/S0 ⊗OX
L) = 0 for any n ≥ 1.
Proof. Though the following proof is a simplification of [Y2, (4.1), (4.2)] and the state-
ment of (8.4) is different from [loc. cit.], the following proof is essentially the same as
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that of [loc. cit.]: the simplification is to focus on the vanishing of Rqf∗(B1Ω
1
X/S0
⊗OX
L⊗pe) and not to consider the vanishing of Rqf∗(BlΩ1X/S0 ⊗OX L⊗p
e
) = 0 for other
l’s as an assumption; this focus is possible by (8.3).
Push out the exact sequence (3.5.1;n) by the morphism Rn−1 : Wn(OX) −→ OX .
Then we have the following exact sequence
0 −→ OX −→ En −→ BnΩ1X/S0 −→ 0,(8.4.1)
where En := OX ⊕Wn(OX ),F F∗(Wn(OX)). Consider the following diagram
(8.4.2)
0y
0 F∗(Bn−1Ω
1
X/S0
)y y
0 −−−−→ OX −−−−→ En −−−−→ BnΩ1X/S0 −−−−→ 0∥∥∥ y yCn−1
0 −−−−→ OX ⊂−−−−→ E1 = F∗(OX) d−−−−→ B1Ω1X/S0 −−−−→ 0y y y
0 0 0
of OX -modules. The snake lemma tells us that Ker(En −→ E1) = F∗(Bn−1Ω1X/S0).
Hence we have the following exact sequence
· · · −→ Rqf∗(F∗(Bn−1Ω1X/S0)⊗OX L⊗p
e−1
) −→ Rqf∗(En ⊗OX L⊗p
e−1
)
−→ Rqf∗(F∗(OX)⊗OX L⊗p
e−1
) −→ · · · .
By the projection formula and noting that
◦
F is a finite morphism, we have the fol-
lowing formula as in (8.3.2):
Rqf∗(F∗(Bn−1Ω
1
X/S0
)⊗OX L⊗p
e−1
) = FS0∗R
qf∗(Bn−1Ω
1
X/S0
⊗OX L⊗p
e
).
Similarly we have Rqf∗(F∗(OX)⊗OX L⊗p
e−1
) = FS0∗R
qf∗(L⊗pe). Hence we have the
following exact sequence
· · · −→ FS0∗Rqf∗(Bn−1Ω1X/S0 ⊗OX L⊗p
e
) −→ Rqf∗(En ⊗OX L⊗p
e−1
) −→ FS0∗Rqf∗(L⊗p
e
) −→ · · · .
(8.4.3)
Now set h := hF (X/S0). Then we have the following decomposition:
Rqf∗(Eh ⊗OX L⊗m) = FS0∗Rqf∗(L⊗m)⊕ FS0∗Rqf∗(BhΩ1X/S0 ⊗OX L⊗m) (∀m ∈ Z).
(8.4.4)
Consider the following two conditions:
Rqf∗(L⊗pe ) = 0(Hyp1(e1))
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and
Rqf∗(B1Ω
1
X/S0
⊗OX L⊗p
e
) = 0(Hyp2(e1))
for ∀e ≥ e1 for a fixed positive integer e1 ≥ 1 and ∀q. By the assumption Hypi(e1)
(i = 1, 2) is satisfied for the case e1 = e0.
Now assume that Hypi(e1) (i = 1, 2) hold. By (8.3)
Rqf∗(BnΩ
1
X/S0
⊗OX L⊗p
e
) = 0(8.4.5)
for e ≥ e1 and for any n ≥ 1.
Because Rqf∗(L⊗pe) = 0 and Rqf∗(Bh−1Ω1X/S0 ⊗OX L⊗p
e
) = 0, Rqf∗(Eh ⊗OX
L⊗pe−1) = 0 by (8.4.3). Hence, by (8.4.4), Rqf∗(BhΩ1X/S0 ⊗OX L⊗p
e−1
) = 0 =
Rqf∗(L⊗pe−1). By the following exact sequence
· · · −→ FS0∗Rqf∗(L⊗p
e−1
) −→ Rqf∗(L⊗pe) −→ FS0∗Rqf∗(B1Ω1X/S0 ⊗OX L⊗p
e−1
) −→ · · ·
obtained by the lower horizontal exact sequence in (8.4.2), Rqf∗(B1Ω
1
X/S0
⊗OXL⊗p
e−1
)
vanishes because
◦
FS0 is an isomorphism.
In conclusion we have proved that Hypi(e1 − 1) (i = 1, 2) holds. Descending
induction on e1 shows (8.4).
The following vanishing theorem is much stronger than (7.6) in the case i = 0 and
i = d for a projective log smooth variety a quasi-F -split height in characteristic p > 0.
The following (1) is also a nontrivial generalization of Kodaira vanishing theorem in
[MR, Proposition 2].
Theorem 8.5. Let the notations be as in (8.3). Assume moreover that S0 is equal
to the log point s of a perfect field of characteristic p > 0. Assume that
◦
X is of pure
dimension d. Assume also that hF (X/s) <∞. Let L be a relatively ample invertible
sheaf on
◦
X/
◦
s. Then the following hold:
(1) Hj(X,L⊗(−1)) = 0 for j < d.
(1)′ Hj(X,BnΩ
1
X/s ⊗OX L⊗(−1)) = 0 for j < d and n ≥ 1.
(2) Hj(X, IX/sΩdX/s ⊗OX L) = 0 for j > 0.
(2)′ Hj(X,HomOX (BnΩ1X/s, IX/sΩdX/s)⊗OX L) = 0 for j > 0 and n ≥ 1.
Proof. By (3.3) and the log Serre duality of Tsuji, we have only to prove (1) and (1)′.
To prove (1)′, we have only to prove (1)′ for the case n = 1 by (8.3).
Let m be a positive integer. By (6.2),
Hj(X,L⊗(−m)) and Hj(X,B1Ω1X/s ⊗OX L⊗(−m))
are duals of
Hd−j(X, IX/sΩdX/s⊗OX L⊗m) and Hd−j(X,HomOX (B1Ω1X/s, IX/sΩdX/s)⊗OX L⊗m),
respectively. By Serre’s theorem ([EGA III-1, (2.2.1)]), there exists a positive integer
m0 such that the latter cohomologies vanish for ∀m ≥ m0. Hence Hj(X,L⊗(−m)) = 0
and Hj(X,B1Ω
1
X/s ⊗OX L⊗(−m)) = 0 for ∀m ≥ m0. By (8.4), Hj(X,L⊗(−1)) = 0
and Hj(X,BnΩ
1
X/s ⊗OX L⊗(−1)) = 0.
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The following is the relative log version of [Y2, Theorem 4.1], which is a nontrivial
generalization of [MR, Proposition 1].
Theorem 8.6. Let the notations be as in (8.1) (1). Let g :
◦
X −→ Y be a morphism
of schemes over
◦
S0. Assume that the structural morphism g :
◦
X −→ Y is projective.
Let L be a relatively ample line bundle on
◦
X with respect to g. Assume also that
hF (X/S0) < ∞. Then Rqg∗(L) = 0 and Rqg∗(BnΩ1X/S0 ⊗OX L) = 0 for any q ≥ 1
and any n ≥ 1.
Proof. The proof is similar to the proof of (8.4). We leave the detail of the proof to
the reader.
The following problem seems very interesting (cf. [MS, Conjecture 1.1]):
Problem 8.7. Let Y be a projective log smooth integral scheme over a fine log
scheme s whose underlying scheme is a field of characteristic zero. Let S be a fine log
scheme whose underlying scheme is the spectrum of an algebra of finite type over Z
and let s −→ S be a morphism of fine log schemes. Let Y be a projective log smooth
integral scheme over S such that Y = Y ×S s. Then does there exist a dense set of
exact closed points T of S such that (Yt)◦ is quasi-F -split (or more strongly F -split)
for every t ∈ T ?
The following is the log version of a generalization of [Y1, (3.4)].
Theorem 8.8. Let S0 be a fine log scheme of characteristic p > 0. Assume that
◦
S0
is perfect. Let S be a fine log scheme with exact closed immersion S0
⊂−→ S. Assume
that there exists a lift FS : S −→ S of the Frobenius endomorphism FS0 : S0 −→ S0 of
S0. Let Y be a (not necessarily proper) log smooth integral scheme over S0. Assume
that Y/S0 is of Cartier type and that hF (Y/S0) <∞. Let F : Y −→ Y be the absolute
Frobenius endomorphism of Y over FS0 . Then there exists a log smooth integral
scheme Y over S such that Y ×S S0 = Y .
Proof. (The following proof is the log version of the proof of [Y1, (3.4)].)
For simplicity of notation, we denote the p-th power Frobenius endomorphism
Wn(Y ) −→Wn(Y ) by F for any n ≥ 1. Push out the exact sequence (3.5.1;n) by the
morphism Rn−1 : Wn(OY ) −→ OY . Then we have the following exact sequence
0 −→ OY −→ En −→ BnΩ1Y/S0 −→ 0.(8.8.1;n)
Let en ∈ Ext1Y (BnΩ1Y/S0 ,OY ) be the extension class of (8.8.1;n). By the definition of
hF (Y/S0) and (8.1) (1), the invariant hF (Y/S0) is the minimum of positive integers
n’s such that the exact sequence (8.8.1;n) is split. Because the following diagram
(8.8.2)
F∗(Wn(OY )) dn−−−−→ BnΩ1Y/S0
R
y yC
F∗(Wn−1(OY )) dn−1−−−−→ Bn−1Ω1Y/S0
is commutative by the proof of (3.5), we have the following commutative diagram
(8.8.3)
F∗(Wn(OY )) dn−−−−→ BnΩ1Y/S0
Rn−1
y yCn−1
F∗(OY ) d−−−−→ B1Ω1Y0/S0 .
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Because En = F∗(Wn(OY ))⊕Wn(OY )OY , we have the following commutative diagram
of exact sequences by using (8.8.3):
(8.8.4)
0 −−−−→ OY −−−−→ En −−−−→ BnΩ1Y/S0 −−−−→ 0∥∥∥ y yCn−1
0 −−−−→ OY −−−−→ F∗(OY ) −−−−→ B1Ω1Y/S0 −−−−→ 0.
Hence we have the following commutative diagram
(8.8.5)
Ext1Y (Ω
1
Y/S0
, BnΩ
1
Y/S0
)
∂n−−−−→ Ext2Y (Ω1Y/S ,OY )
Cn−1
y ∥∥∥
Ext1Y (Ω
1
Y/S0
, B1Ω
1
Y/S0
)
∂1−−−−→ Ext2Y (Ω1Y/S0 ,OY ),
where ∂n is the boundary morphism obtained by the exact sequence (8.8.1;n).
Now assume that (8.8.1;n) is split for a positive integer n. (Since hF (Y/S0) <∞,
the n exists.) Because the sequence (8.8.1;n) is split, the upper horizontal morphsim
is zero. Because obsY/(S0⊂S) = ∂(obs(Y,F )/(S0⊂S,FS)) by (4.14) (3), it suffices to
prove that obs(Y,F )/(S0⊂S,FS) ∈ Im(Cn−1). Because obs(Y,F )/(S0⊂S,FS) is equal to the
extension class of the following exact sequence
0 −→ B1Ω1Y/S0 −→ Z1Ω1Y/S0
C−→ Ω1Y/S0 −→ 0(8.8.6)
by (5.7) and because we have the following commutative diagram
(8.8.7)
0 −−−−→ BnΩ1Y/S0 −−−−→ ZnΩ1Y/S0
Cn−−−−→ Ω1Y/S0 −−−−→ 0
Cn−1
y Cn−1y ∥∥∥
0 −−−−→ B1Ω1Y/S0 −−−−→ Z1Ω1Y/S0
C−−−−→ Ω1Y/S0 −−−−→ 0,
we see that obs(Y,F )/(S0⊂S) ∈ Im(Cn−1).
We complete the proof.
The following is one of results what we want to obtain:
Corollary 8.9. The conclusions of (7.3) (1) and (2) hold for Y/S0.
9 Infinitesimal strict semistable families in mixed
characteristics and equal positive characteristic
The results in this section are more or less logically independent of those in other
sections. The result in this section is a partial answer for the log version of Schro¨er’s
question already stated in the Introduction.
The following surjection (9.1.4) should be compared with the T 1-lifting property
of Ran-Kawamata in [Ran], [Ka1], [KwN].
Let V be a complete discrete valuation ring with uniformizer π of mixed character-
istics (0, p) whose residue field is κ. Let n > 1 be a positive integer. Set Vn = V/πn.
Let t be a variable and endow Spf(V [[t]]) with a log structure associated to a morphism
N ∋ 1 7−→ t ∈ V [[t]]. Let ArtV[[t]] be the category of artinian local V [[t]]-algebras.
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For an object A of ArtV[[t]], endow Spf(A) with the log structure associated to the
morphism N ∋ 1 7−→ tA ∈ A, where tA is the image of t in A. Let Speclog(A) be the re-
sulting log scheme. Consider the composite morphism V [[t]] proj.−→ V [[t]]/(t) = V proj.−→ κ
and set s := Speclog(κ) as before. Let Y/s be a proper log smooth integral scheme.
Let DY/V[[t]] := D(Y/s)/V[[t]] be the following functor:
DY/V[[t]] := D(Y/s)/V[[t]] : ArtV[[t]] ∋ A 7−→
{isomorphism classes of lifts of Y/s over Speclog(A)} ∈ (Sets)
(cf. [Kf1, §8]). In [loc. cit., §8] the integrality has not been assumed; in [Kf1, loc. cit.,
§9] and this article it is always assumed. Set Vt=πn := Vn[t]/(t−π), Vt=0n := Vn[t]/(t) =
Vn. They are naturally V [[t]]-algebras.
The following is of independent interest:
Proposition 9.1. Set An := Vn[t]/(tn, t2−πt) and An := An⊗VnVn−1. Assume that
DY/V[[t]](Vt=0n ) 6= ∅. Then DY/V[[t]](Vt=πn ) 6= ∅ if and only if DY/V[[t]](An)×DY/V[[t]](Vt=0n−1)
DY/V[[t]](Vt=0n ) 6= ∅.
Proof. Consider the following cartesian diagram
(9.1.1)
Vt=πn ×κ Vt=0n −−−−→ Vt=0ny y
Vt=πn −−−−→ κ.
Consider the following surjective morphism of V [[t]]-algebras:
σn : Vn[t]/(tn) ∋
n−1∑
i=0
ait
i 7−→ (
n−1∑
i=0
aiπ
i, a0) ∈ Vt=πn ×κ Vt=0n (ai ∈ Vn).
Let ai (0 ≤ i ≤ n − 1) be an element of V . For an element a ∈ V , denote by [a]
the image of a in Vn for the time being. Assume that
∑n−1
i=0 [ai]t
i ∈ Ker(σn). Then
a0 = π
nb and
∑n−1
i=1 aiπ
i = πnc for some b, c ∈ V . Hence a1 = −
∑n−1
i=2 aiπ
i−1 +
πn−1c. Consequently
∑n−1
i=0 [ai]t
i = (−∑n−1i=2 [ai][πi−1] + [πn−1][c])t +∑n−1i=2 [ai]ti =∑n−1
i=2 [ai](−[πi−1]t + ti) + [cπn−1]t. Hence the morphism σn induces the following
isomorphism, which we denote by σn again by abuse of notation:
σn : An
∼−→ Vt=0n ×κ Vt=πn .
Consider the following diagram
(9.1.2)
An −−−−→ Any y
Vt=0n −−−−→ Vt=0n−1,
where the vertical morphisms are obtained by the specialization t = 0. We claim the
diagram (9.1.2) is cartesian. Indeed, let
ρn : An −→ An ×Vt=0n−1 Vt=0n
be the natural morphism. This is a morphism of V [[t]]-algebras. Take an element
of a + bt ∈ Ker(ρn) (a, b ∈ Vn). Then a = 0 and b = πn−1c for some c ∈ κ.
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Hence a + bt = cπn−1t = ctn = 0 in An. On the other hand, take an element
(a+ bt, c) ∈ An×Vt=0n−1 Vt=0n (a, b ∈ Vn−1, c ∈ Vn). Then a˜ = c+πn−1d for some d ∈ κ,
where a˜ is a lift of a in Vn. Then the image of c+ b˜t ∈ An in An ×Vt=0n−1 Vt=0n is equal
to (a+ bt, c).
Consider the following maps
DY/V[[t]](Vt=πn ×κ Vt=0n ) −→ DY/V[[t]](Vt=πn )×DY/V[[t]](k) DY/V[[t]](Vt=0n )(9.1.3)
and
DY/V[[t]](Vt=πn ×κ Vt=0n ) = DY/V[[t]](An) = DY/V[[t]](An ×Vt=0n−1 Vt=0n )(9.1.4)
−→ DY/V[[t]](An)×DY/V[[t]](Vt=0n−1) DY/V[[t]](V
t=0
n ).
Since the projections Vt=0n −→ κ and Vt=0n −→ Vt=0n−1 are surjective, the maps (9.1.3)
and (9.1.4) are surjective by the proof of [Kf1, (H1) in p. 339].
Assume that DY/V[[t]](Vt=πn ) is not empty. Then the target of the map (9.1.3) is
not empty. Hence the source of the map (9.1.3) is not either. Since this is equal to
the source of the map (9.1.3), the target of the map (9.1.4) is not either.
Conversely assume that the target of the map (9.1.4) is not not empty. Similarly
we see that DY/V[[t]](Vt=πn ) is not empty.
Corollary 9.2. Assume that DY/V[[t]](Vt=02 ) 6= ∅. Then DY/V[[t]](Vt=π2 ) 6= ∅ if and
only if DY/V[[t]](κ[t]/(t
2)) 6= ∅.
Proof. This is the case of n = 2 in (9.1) since the set DY/V[[t]](κ) is the singleton.
Corollary 9.3. Let the notations and the assumptions be as in (8.8) and (9.1). As-
sume that S = W2(s) (resp. S0 = s) for a log point of s of a perfect field κ of
characteristic p > 0. Let s˜ be a fine log scheme whose underlying scheme is Spec(W2)
and whose log structure is associated to a morphism N ∋ 1 7−→ p ∈ W2. Let sǫ be
a fine log scheme whose underlying scheme is Spec(κ[ǫ]) and whose log structure is
associated to a morphism N ∋ 1 7−→ t ∈ κ[t]/(t2) = κ[ǫ]. Consider the natural closed
immersions s
⊂−→ s˜ and s ⊂−→ sǫ Then there exists a log smooth integral scheme
X −→ s˜ such that X ×s˜ s = Y if and only if there exists a log smooth integral scheme
Yǫ −→ sǫ such that Yǫ ×sǫ s = Y .
Proof. This follows from (8.8) and (9.2).
10 Lifts of certain log schemes over W2
In this section we give the log version of the main result in [Y1].
The following is the log version of a generalization of [Y1, (3.5)].
Theorem 10.1. Let s be as in (6.2). Let X be a proper log smooth, integral and
saturated log scheme over s of pure dimension d. Assume that X/s is of Cartier type
and of vertical type. Assume also that the following three conditions hold:
(a) Hd−1(X,OX) = 0 if d ≥ 2,
(b) Hd−2(X,OX) = 0 if d ≥ 3,
(c) ΩdX/s ≃ OX .
Then hF (
◦
X/κ) = hd(
◦
X/κ).
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Proof. (The following proof is the log version of the proof of [Y1, (3.5)].) Set h =
hd(
◦
X/κ). Let F : X −→ X be the Frobenius endomorphism of X . Consider the
following exact sequence of OX -modules:
0 −→ F∗(Bn−1Ω1X/s) −→ BnΩ1X/s C
n−1
−→ B1Ω1X/s −→ 0.(10.1.1)
Here note that the direct image F∗ is necessary for Bn−1Ω
1
X/s as in [loc. cit.]. Taking
Ext•X(∗,OX) of the exact sequence (10.1.1), we have the following exact sequence
Ext1X(B1Ω
1
X/s,OX) C
n−1∗
−→ Ext1X(BnΩ1X/s,OX) −→ Ext1X(F∗(Bn−1Ω1X/s),OX)
(10.1.2)
−→ Ext2X(B1Ω1X/s,OX).
By Tsuji’s log Serre duality ((6.2)), we have the following isomorphism
ExtqX(BnΩ
1
X/s,OX) ≃ ExtqX(BnΩ1X/s,ΩdX/s) ≃ Hd−q(X,BnΩ1X/s)∗,(10.1.3)
where ∗means the dual of a finite dimensional κ-vector space. Hence Ext2X(BnΩ1X/s,OX) =
Hd−2(X,BnΩ
1
X/s)
∗ = 0 by (3.9) (3) and we have the following exact sequence
Ext1X(B1Ω
1
X/s,OX) C
n−1∗
−→ Ext1X(BnΩ1X/s,OX) −→ Ext1X(F∗(Bn−1Ω1X/s),OX) −→ 0
(10.1.4)
of κ-modules. By (3.9.2) and (10.1.3),
dimκ Ext
1
X(B1Ω
1
X/s,OX) ≤ 1(10.1.5)
and
dimκ Ext
1
X(BnΩ
1
X/s,OX) = min{n, h− 1}.
Since F :
◦
X −→
◦
X is a finite morphism, we also have the following isomorphism
ExtqX(F∗(Bn−1Ω
1
X/s),OX) ≃ ExtqX(F∗(Bn−1Ω1X/s),ΩdX/s) = Hd−q(X,F∗(Bn−1Ω1X/s))∗
≃ Hd−q(X,Bn−1Ω1X/s)∗.
Hence
dimκ Ext
q
X(F∗(Bn−1Ω
1
X/s),OX) = min{n− 1, h− 1}.
First consider the case e1 = 0. Then the following exact sequence
0 −→ OX F−→ F∗(OX) −→ B1Ω1X/s −→ 0
is split. Hence Hq(X,F∗(OX)) = Hq(X,OX) ⊕Hq(X,B1Ω1X/s) (q ∈ N). Since
◦
F is
finite, Hq(X,F∗(OX)) = Hq(X,OX). Hence Hq(X,B1Ω1X/s) = 0. (We can find this
argument in [JR, (2.4.1)] in the trivial log case.) In particular, Hd−1(X,B1Ω
1
X/s) = 0.
By (3.9.2) we see that h = 1.
Next consider the case e1 6= 0. Then Ext1X(B1Ω1X ,OX) = κe1 by (10.1.5). Be-
cause Cn−1∗(e1) = en by (8.8.4), we see that en = 0 if and only if the morphism
Ext1X(BnΩ
1
X/s,OX) −→ Ext1X(Bn−1Ω1X/s,OX) is an isomorphism by (10.1.4). Hence
en = 0 if and only if min{n−1, h−1}= min{n, h−1}. This is equivalent to h ≤ n.
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Corollary 10.2. (1.3) holds.
Proof. (10.2) immediately follows from (8.8) and (10.1).
By using the degeneration at E1 of the log Hodge spectral sequence due to Kato
([Kk1, (4.12) (1)]) or (7.1) and (7.3), we obtain the following:
Corollary 10.3. Let the assumptions be as in (10.1). Then (1.4) holds.
Corollary 10.4. (1.7) and (1.8) hold.
Proof. This follows from (8.5) and (10.1).
The following is of independent interest:
Corollary 10.5. Let the notations and the assumptions be as in (1.3). Assume that
hd(
◦
X/κ) ≥ 2. Then there does not exist a lift F˜ : X −→ X over the Frobenius endo-
morphism FW2(s) : W2(s) −→W2(s) which is a lift of the Frobenius endomorphism of
X.
Proof. If there exists the F˜ in (10.5), then [Nakk1, (3.2)] and [I3, (8.6), (8.8)] (cf. [CL,
(4.3)]) tell us that X/s is log ordinary, that is, Hq(X,BΩiX/s) = 0 for all q’s and i’s.
By (3.10) hd(
◦
X/κ) = 1. This contradicts the assumption hd(
◦
X/κ) ≥ 2.
Example 10.6. Let X/s be a log K3 surface of type II ([Nakk2, §3]). By [RS,
Theorem 1], we have the following spectral sequence
Eij = Hj(
◦
X(i),W(O ◦
X(i)
)) =⇒ Hi+j(X,W(OX))(10.6.1)
obtained by the following exact sequence
0 −→W(OX) −→W(O ◦
X(0)
) −→W(O ◦
X(1)
) −→ 0.
By using this spectral sequence, it is easy to prove thatH2(X,W(OX)) ≃ H1(E,W(OE)).
Assume that the double elliptic curveE is supersingular. Then hF (
◦
X/κ) = h2(
◦
X/κ) =
2. Let X be a log smooth lift of X over W2(s). Then there does not exist a lift
F˜ : X −→ X over FW2(s) which is a lift of the Frobenius endomorphism of X .
Remark 10.7. Let X/s be as in (10.1). Assume that dim
◦
X ≥ 2. In the case where
hd(
◦
X/κ) = 1, we do not know whether there does not exist a lift F˜ : X −→ X over
FW2(s) which is a lift of the Frobenius endomorphism of X in general.
In the case where dim
◦
X = 2, there does not exist the lift F˜ above if the log
structures of X and s are trivial ([X, (3.3)]). (If h2(
◦
X/κ) ≥ 2, the proof of (10.5)
gives us another proof of this fact.)
In the case dim
◦
X = 1 and the log structure of X is nontrivial, one can prove
that there exists a lift F˜ : X −→ X over FW2(s) which is a lift of the Frobenius
endomorphism of X ([Nakk8]).
By using (1.4), we obtain the following as in [LN].
Corollary 10.8. Assume that the log structures of s and X are trivial and that
NS(X) is p-torsion-free. Then H0(X,Ω1X/κ) = 0.
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Appendix
Yukiyoshi Nakkajima
11 Weak Lefschetz theorem for isocrystalline coho-
mologies
In this section we prove the weak Lefschetz theorem in [KM] (cf. [B1]) for crystalline
cohomologies of proper smooth schemes over κ by using rigid cohomologies. To prove
this, we prove the following:
Theorem 11.1. Let K be the fraction field of a complete discrete valuation ring V
of mixed characteristic with residue field κ. Let X be a projective scheme over κ with
a closed immersion X
⊂−→ Pnκ. Set d := dimX. Let H be a hypersurface of Pnκ. Set
Y := X ∩H and U := X \ Y . Assume that U is smooth over κ. Let ι : Y ⊂−→ X be
the inclusion morphism. Then the pull-back of ι
ι∗ : Hqrig(X/K) −→ Hqrig(Y/K)(11.1.1)
is an isomorphism for q < d− 1 and injective for q = d− 1.
Proof. By [B2, (3.1) (iii)] we have the following exact sequence
· · · −→ Hirig,c(U/K) −→ Hirig(X/K) −→ Hirig(Y/K) −→ · · · .(11.1.2)
Hence it suffices to prove that
Hirig,c(U/K) = 0 (i < d)(11.1.3)
Let HiMW(U/K) be the i-th Monsky-Washnitzer cohomology of U/K. We have the
following equalities by Berthelot’s duality ([B4, (2.4)]), Berthelot’s comparison theo-
rem ([B3, (1.10.1)]):
Hirig,c(U/K) = HomK(H
2d−i
rig (U/K),K(−d)) = HomK(H2d−iMW (U/K),K(−d)).
(11.1.4)
Hence it suffices to prove that
HiMW(U/K) = 0 (i > d).(11.1.5)
Since U is affine, express U = Spec(A0). Let U be a lift of U over V ([El, The´ore`me 6]).
Express U = Spec(A). Then, by the definition of Monsky-Washnitzer cohomology,
HiMW(U/K) = H
i(K ⊗V A† ⊗A Ω•A/V). Now the vanishing (11.1.5) is obvious.
Remark 11.2. In [C] Caro has proved the hard Lefschetz Theorem in p-adic coho-
mologies. In particular, he has reproved the hard Lefschetz theorem proved in [KM].
However it seems that (11.1) cannot be obtained by the hard Lefschetz theorem in
[KM] and [C] because X nor Y is not necessarily smooth.
Corollary 11.3. Let the notations be as in (11.1). Let W be a Cohen ring of κ. Let
K0 be the fraction field of W. Assume that X and Y are smooth over κ. Then
ι∗ : Hqcrys(X/W)K0 −→ Hqcrys(Y/W)K0
is an isomorphism for q < d− 1 and injective for q = d− 1.
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Proof. This follows from the comparison theorem of Berthelot ([B3, (1.9)]:
Hqcrys(Z/W)K0 = Hqrig(Z/K0)
for a proper smooth scheme Z/κ.
Remark 11.4. Because of the development of theory of rigid cohomology by Berth-
elot, we have been able to give a very short proof of the weak Lefshetz theorem for
crystalline cohomologies of proper smooth schemes over κ without using the Weil con-
jecture nor the hard Lefschetz theorem for crystalline cohomologies (as in the l-adic
case).
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